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1 Introduction

In 1827 the Scottish botanist Robert Brown discovered what is nowadays known as Brownian
motion. While investigating small pollen grains in a water suspension through his microscope
he noticed an irregular movement of the pollen grains. In the subsequent years there were
various mathematical explanations of this phenomenon proposed. For example by Albert
Einstein and by Paul Langevin in the early 20th century. A modern mathematical description
can be given using the notion of stochastic differential equations and the Wiener process.
The Wiener process W (t) is a stochastic process with independent, stationary and normally
distributed increments. A particle at time ¢ is described by its position x(¢) and its velocity
v(t). We model the irregular movement of the particle as a random fluctuation of its velocity,
i.e.
v(t) = W(t)

or written in terms of stochastic calculus dv(t) = dWW(t). The position of the particle is
uniquely determined by the velocity through the rule

The behavior of the particle is thus described by a system of stochastic differential equations.
At least formally the law of the position of the particle is given by the integrated Wiener
Process

2(t) = /OtW(t)dt+x(O).

Under the assumption of a spherical particle in a suspension of significantly smaller particles
of spherical shape one can derive this model from physical principles up to some normalizing
constant.

To every stochastic differential equation one can associate a forward Kolmogorov equation.
Here this equation describes the evolution of the probability density p(¢, v, x) describing the
state of the particle. The value of p(t,v,z), at least formally, gives the probability that a
particle at time ¢ with velocity v is at the position z. The scaled forward Kolmogorov equation
corresponding to the presented model of a moving particle is given by

Op(t,v,x) +v - Vep(t,v,x) = Ayp(t, v, z). (1)
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This equation is a degenerate elliptic-parabolic partial differential equation of second order.
Its degeneracy is due to the fact that the Laplacian acts only in the velocity variable. It
has already been studied by Andrei Kolmogorov in 1934 and therefore is also known as the
Kolmogorov equation. Even though there is only diffusion in the velocity variable, solutions of
the Kolmogorov equation are smooth. This is a consequence of the coupling of the position
and velocity variable in the transport term v - V,, which is an example of an interesting
property of the Kolmogorov equation.

The Kolmogorov equation is the prototype of a wide class of partial differential equations of
the form
Owu(t, ) = div(A(t, x)Vu(t, z)) + (b(t, x), Vu(t, x)) (2)

for suitable coefficients A and b, where we only assume the matrix A to be positive semidef-
inite. Equations of this type will be the subject of this work. Let us give an overview of the
results collected in the present thesis.

In chapter 2 we are going to investigate the general class of second order degenerate elliptic-
parabolic differential equations as presented in equation (2). Making use of semigroup meth-
ods, we are going to present a LP-well-posedness result on the whole space R”" which goes
back to the work of Baoswan Wong-Dzung in 1983. Furthermore, we are going to give a
short overview of the theory of degenerate elliptic partial differential equations of second
order on bounded domains. This theory has been developed by Gaetano Fichera around
1960.

In chapter 3 we are going to investigate the Cauchy problem for partial differential equations
similar to the Kolmogorov equation. On the one hand, we are going to apply the results
from chapter 2 to obtain an existence result. On the other hand, we are going to present two
approaches which seem to be more suitable for the Kolmogorov equation. It has been shown
by Andrei Kolmogorov in 1934 that the Kolmogorov equation admits a fundamental solution.
We are going to derive this fundamental solution and investigate its interesting properties.
Furthermore, we are going to study the Kolmogorov equation on a bounded physical domain
where the velocities can attain arbitrary values in R".

The results from chapter 2 and 3 show that the Kolmogorov equation can be treated by
semigroup theory. Moreover, one can determine the generator of the Kolmogorov equation
in L?(RY). In chapter 4 we are going to investigate the spectrum of this generator. The
spectrum of the generator of a non-degenerate Kolmogorov equation has been studied first
by Giorgio Metafune in 2001. These arguments can be easily adapted to the degenerate
case to get some information on the spectrum of the generator of the Kolmogorov equation.
In particular, we are going to show that the growth bound is equal to zero and that the
corresponding semigroup is not analytic.
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Using the explicit formula for the fundamental solution, we are able to study the long-time
behavior of solutions to the Kolmogorov equation. The method is inspired by a similar result
for the heat equation. This short exposition is the content of chapter 5.

Even though the Kolmogorov equation is not a parabolic partial differential equation, the so-
lutions of the equation admit good regularity properties. For example, using the fundamental
solution, one can see that every solution is smooth for positive times. Using the theory of
hypoelliptic operators and the famous theorem of Lars Hérmander, we are going to show
that every distributional solution of the Kolmogorov equation is smooth in the interior of its
domain. This is due to the coupling of the position and velocity variables by the transport
term v - V. The coupling is deeply connected to the commutator identity

[VOy, O] = V0,0, — Oy (V) = Op.

We are going to make this connection more rigorous in chapter 6. Using the commutator
identity, we are also going to show global bounds of solutions to the Kolmogorov equation in
a suitable fractional Sobolev norm.

In the last chapter we are going to derive a Harnack inequality for the Kolmogorov equation
on RY by making use of the fundamental solution. The approach presented here goes back
to work of Andrea Pascucci and Sergio Polidoro in 2004 and is inspired by the work of Peter
Li and Shing Tung Yau in 1986. We are going to derive a differential Harnack inequality
from which we deduce the Harnack inequality. Inspired by the work of Ennio De Girogi,
Jurgen Moser and John Nash around 1960 it is natural to ask whether a Harnack inequality
can hold under the assumption of measurable and bounded diffusion coefficients. We are
going to present the positive result which was proven very recently by Frangois Golse, Cyril
Imbert, Clément Mouhot and Alexis Vasseur. Finally, we collect some notes regarding the
investigation whether a weak Harnack inequality holds.

The reader who is interested in the Kolmogorov equation solely can skip chapter 2 at a first
read. Section 3.1.1 is somehow fundamental to the results of section 3.1, chapter 4, chapter
5, chapter 6 and section 7.1.2. We therefore recommend to keep the results presented
therein in mind throughout the whole read.

In the appendix A we present a very short introduction to semigroup theory, some helpful
results on approximation and smoothing of functions and the basic definition of fractional
Sobolev spaces with the help of Fourier transform. The appendix B is a collection of technical
results used throughout this work. The notation used is collected in the final chapter.






2 Degenerate second order elliptic
partial differential equations

2.1 A weak maximum principle for degenerate second
order partial differential equations

Let A € C(RN, RY*YN) be positive semidefinite, b € C(RY,RY) and ¢ € C(RY,R) be
bounded from above by ¢, € R. On sufficiently smooth functions we study the partial differ-
ential operator

Eu = tr(AV?u) + (b, Vu) + cu.

The presented maximum principle will be used to show uniqueness of classical solutions of
the Kolmogorov equation. It is taken from [Lor17].

Proposition 2.1.1. We assume that there exists a nonnegative function o € C?*(R") and
constants \y > ¢y, C' € R satisfying

lim p(z) =occand Ep — Agp < C.

|z|—o00

Letu € C([0, T]x RYN)NCY2((0, T] x RY) be a function satisfying Eu—0d,u > 0in (0, T] x RY
such that it holds u(0, zo) < 0 for all 2z, € R and that it is

t
lim sup < sup u ’$)> <0. (2.1.1)

lz|—oo  \ t€[0,T] p(z)

Thenu < 0on [0,7] x RY.

Proof. We remark that by replacing ¢ with o + M for a constant M > ﬁ we might
assume C' = 0, i.e. Ep — Ao < 0. Furthermore, if ¢; > 0, we might, by replacing u(t, x)
with exp(—cot)u(t, ), reduce to the case ¢, < 0. This implies that we only need to consider

the case ¢y < 0. We introduce the function v(¢,x) = exp(—Aot)u(t,x) and the functions
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v, = v — k' for k € N. Clearly, it suffices to show that v, < 0in [0,7] x RY for all k € N.
We calculate
1
Oyvr — (E — Xo)vr, = —Aov + exp(—Aot) (Qpu(t, x) — [Eu](t, z)) + Z (Ep — M) + v
<k HEp — \p) <0
in (0,7] x RN. Using equation (2.1.1) and the coercivity of o, we deduce that v, attains
a maximum at the point (tz,z;) € [0,7] x RY. The case t, = 0 would imply that v <
u(ty) = w(0) < 0. It remains to consider the case ¢, € (0,7]. Due to the fact that vy
>

is two times continuously differentiable, it holds [0;vk](tk, zx) > 0, [Vug](tg, xx) = 0 and
(V2] (tr, zx) < 0. By lemma B.0.3, we deduce

[Bvp — cop) (g, z1) = tr(AV?v;) <0
and consequently
(B, — cvp)(te, 21) < 0 < [Opr)(tr, wr) < [Evg — Aovr] (tr, ).

From c(zx) < Ao we conclude
Uk (tr, z1) <0,

whence u < 0in [0, 7] x RV. O
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2.2 Well-posedness of a degenerate diffusion equation
with unbounded coefficients

In this section we are going to investigate the differential operator
[Eul(z) = —div(A(z)Vu) + (b(z), Vu) + c(z)u(x), (2.2.1)

x € RY for functions u: RY — R. We are going to prove that a suitable realization of this
operator generates a strongly continuous semigroup in LP(RY) for 1 < p < oco. The results
of this section are going to be used in chapter 3 to study the well-posedness of Kolmogorov
equations in RY. We will allow two peculiarities of the differential operator. The first pecu-
liarity is the positive semidefiniteness of the diffusion matrix and the second peculiarity is
a consequence of the unbounded coefficients A, b. The results and most of the proofs are
based on the article [WD83]. We are going to use several notions from semigroup theory
without further explanation. Every nonstandard concept used in this section is explained in
the appendix A.1.

2.2.1 Realization of the differential operator in L?(RY)

Let p € (1,00) and ¢ € (1, 00) such that i + % = 1. We are going to make the following
assumptions on the coefficients of the differential operator E.

(A1) A € C*RY; RM*Y) with bounded second derivatives, b € C*(RY; RY) with bounded
derivatives and ¢ € L>=(RY).

(A2) For all z € RY the matrix A(z) is assumed to be positive semidefinite.

We set the minimal realization of £ as the realization of £ on C>°(R") and will denote this
as (F,C>=(RY)) subsequently. Let us introduce the formal adjoint of £ given by

N
ETv = —tr(AV*) — Z 0z,0:j0,,v — (b, Vv) + (¢ — div(b))v

1,j=1

for all v € C°(RY), where a;; denote the entries of the matrix A. We note that we can also
write I as

N
Eu=— Z O, 0p; (ai5u) + Op, (O, a5 + bi)u) + (¢ — div(b))u
ij=1

so that, by partial integration, it holds (Eu,v) = (u, ETv) for all u,v € C*(RY). ET is
useful if one wants to define £ in the distributional sense in a shorthand way. For every
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u € L .(R") we define Eu in the distributional sense as

loc

(Bu, p) = (u, ETp).

Since ETp € C.(RY) whenever ¢ € C>*(RY), the right-hand side is well-defined for all ¢ €
C>(RY). Thus, Eu is indeed well-defined in the distributional sense for all v € L (R™).
The maximal realization of F is defined on D(E,) = {u € LP(RY) | Eu € LP(RY)}, i.e.
for every function u € LP(R™) such that the distributional derivative Eu can be represented
by a function Eu € LP(RY). We denote this function by £,u = Eu. Whenever &,u can be
understood in the sense of classical differentiation we are going to write E'u instead of &,u.
We introduce the, by assumption (A1) finite, constants

A® = max  ||0y,00,a0(7)|[comy, 07 = max |[0;0;()]lccry, € = [c]loory
4,5,k 1=1,....N i,7=1,...,n

=1,...,

for the bounds on the coefficients A, b, c. Let us sketch the course of action for the rest of
this section. We want to show that the negative maximal realization is quasi-m-dispersive.
From this we would be able to deduce that it is the generator of a strongly continuous,
quasi-contractive positive semigroup. The quasi-dispersiveness can be obtained by careful
estimating. It turns out to be more complicated to show that the maximal realization is quasi-
m-dispersive. We are going to approximate £ by suitable elliptic differential operator £.. In
the elliptic case it is easier to obtain the desired result. We aim to consider the limit ¢ — 0 in
a weak sense. To do so, we need a good understanding of the operator FE..

We want to highlight some important properties of £. Assumption (A2) implies that, by
lemma B.0.1, we are allowed to use the Cauchy-Schwarz inequality for (A(x)-,-) at every
point z € RY. Moreover, the formal adjoint E7 satisfies the assumptions (A1) and (A2)
as well. This can be seen by writing the term tr(AV?v) in divergence form. This will lead
to an additional first order term with bounded derivatives. Useful properties of cutoff and
smoothing functions are collected in the appendix A.3. These results will be used throughout
this section.

2.2.2 Quasi-dispersiveness of the minimal realization

Proposition 2.2.1. For all u € D(E,) N C*(RY) it holds
(Bu, (uF)P7h) > =2M (u, (w*)'7") = —2M|Ju™ ]! (2.2.2)

The constant M is chosen as M = max{b>, ¢>*}. In particular, we deduce that the negative
minimal realization (—FE, C2°(RY)) is quasi-dispersive.
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Proof. To integrate by parts with negligible boundary terms, we use the cutoff functions
ni(x) for k € N. We refer to section A.3 for the definition of these functions and some useful
properties. To handle the integral containing V(u™)P~t = (p—1)(u*)P2VuT, we introduce
the approximation f5 = ut((u™)? + 62"z of (ut)P~* withd > 0ifp < 2andd = 0if p > 2.
Here f; denotes the partial derivative with respect to «™ as an argument of the function f;.
We write

<Eu, n,%f(5> = —/ div(AVu)n; fsdx +/ (b, Vu) 03 fsda +/ cuni fsdoe =: I + I + I3
RN RN RN
and study each term separately. The first term can be estimated as
I = —/ div(AVu)n; fsda = Z/ (AV) 3 fsda
RN

(AVu*, Vi) ni fsdz + / (AVu*, Vu®) finida
N RN

> —2/ \/<AV7]k, Vnk>\/<AVu+,u+>77kf5d$ +/ <AVu+, Vu+> fimida
RN RN

by the Cauchy-Schwarz inequality and using Vu™Vu~ = 0. To estimate further, we calculate
/5 as

fi = (@) + 647 + (p = 2)((u")? + %) (u*)?
for p < 2. In the case p < 2, we are allowed to estimate
upfs=fs [1+(—=2)((")?+6) W) > A +p=2)fs=(p—-1)fs,

whence co > f§ > (p — 1)5—51. If p > 2, itis clear that f; = (p — 1)7{—1. Using the Cauchy-
Schwarz inequality for symmetric positive semidefinite matrices and Young’s inequality, we
conclude

L> 9 / N AVnk,VnM/fdu VAV Y Fneder + / (AVW*, Vb finpda
RN

1
> —/ = (AV D, Vi) u™ f5 + <AVu+ Vu+> finida —I—/ <AVU+ Vut >f§nidx
RN P —

1
=01 i (AVne, Vi) u™ fsda.
—1Jr

The estimate for the second integral is more involved. For p < 2 we calculate by partial
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integration

p—2

I =~ /RN div(B)ri(u)? () +6%) % do - /R (Vni,b) () (W) +8%) * de

= ATt [ () + )T 4 (0= 2) () + )T (]
Next, we add the last term to both sides of the equation and obtain
/RN (a0 [2u (2 +0%)T + (0= 2) (w2 +8) T (h)] da
== [ A (@) = [ (Vi) @ () ) T e

so that, as 6 — 0, we, at least formally, end up with

lim I, = (Vu™,b) (ut)P~'npda
RN

6—0
1 1
= ——/ div(b) (u™)Pnidz — —/ (Vi b) (uh)Pda
P Jrw b Jry
M 1
> —— (u+)p77,%dx — —/ <V77,%, b> (u™)Pda.
P Jrw~ P JrN

If p > 2, one can perform essentially the same calculations but does not have to consider
the limit 6 — 0. The last integral I3 is estimated from below as

Iy > =M {u,npfs)

since uu™ > 0.

Let us justify why we are allowed to take the limit 6 — 0 in the respective inequalities. For
fixed £k € N every integrand appearing has compact support given by the support of 7.
Furthermore, it holds the monotone convergence of f; — (u™)?~* and of ((u™)? + 52)§ —
(ut)P. Thus, by the theorem of dominated convergence, we conclude

1
(Bu,mp(ut)P~t) > 01 (AVD, Vi) (u™)Pda
1
- [ e~ [ (90 e
b Jry P Jry

— M (Y.

It remains to investigate the limit & — oo. We note that 7,(z) — 1 pointwise boundedly
as k — oo. Moreover, it holds V. (z) = (V] (+z) so that Vi, — 0 uniformly on RY.

10
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From u € LP(RY), it follows that (u™)?~! is an element of the dual space L?(R") of L?(R").
Using the theorem of dominated convergence and the duality of LP(R") and L4(RY), we
deduce

<Eu,77,3(u+)p_1> — <Au, (u+)p_1> and <u,77,3(u+)p_1> — <u, (u+)p_1>

for k. — oco. We see that we need to prove that the remaining two integrals converge to
zero. We recall that A grows at most of order |z|>. The derivative of the cutoff function 7, is
bounded by a constant multiplied by % and its support is contained in B;;(0). This shows that
(AVng, V) is bounded independently of £ € N. By the dominated convergence theorem,
we deduce

/ (AV 1, Vi) (u)Pdz — 0
]RN

as k — oo. Similarly, due to the at most linear growth of b we see that (b, V) is bounded
uniformly in £ and therefore

2/ (b, Vi) mi(ut)Pdz — 0.

RN

We conclude

+yp—1 M + +yp—1 +yp—1
(Eu, (u")P~) > — (uh)Pde — M (u, (u" )P~y > —=2M (u, (u™)P~').

IRN

Consequently, it holds
((—=E —2M)u, (ut)P~') <0

for all u € C>°(RY). Recalling that for every 0 # u € C°(RY) c LP(RY) it holds

_P

Hlp i (@) € J(u) € LARY),

(@
we deduce the quasi-dispersiveness of the negative minimal realization (—E, C>°(RY)) by

proposition A.1.6. ]

Corollary 2.2.2. The minimal realization (F, C>*(RY)) is quasi-accretive.

Proof. This is the direct consequence of lemma A.1.10 and the previous result. ]

Proposition 2.2.3. The minimal realization (£, C>°(R")) is closable in L?(R"), the maximal
realization (£,, D(E,)) is closed and it holds R(A\+&,) = LP(RY) as wellas N (A +E") = {0}
forall A > 2M = 2max{b>, c>*}.

Proof. We want to calculate the adjoint operator (E’, D(E")) of (E,C>(RY)) in LP(RY).
Since C>(RY) is dense in LP(RY), the adjoint operator is well-defined. As usual, we identify

11
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the dual of LP(RY) with L4(RY) so that the adjoint operator (E’, D(E")) of (E, C>*(RY)) is
an operator acting on functions in L?(R"). Let ¢ € D(E'), then ((E")Tp,¢) = (Ep,¢) =
(¢, E'Y) for all ¢ € C(RY) and E'Y € LYRY), whence ¢ € D(E]) and /¢ = E'i).
If conversely » € D(E) and ¢ € C°(RYN) = D(E), then (Eg, ) = (p,EI'y) and thus
¢ € D(E') and E"p = E[4, hence (E', D(E")) = (£, D(£])). We deduce £ = E
regarded as differential operators on C>°(R”Y).

As noted in the first part of this section, E” satisfies the assumptions (A1) and (A2) as well.
Consequently, the operator (£,, D(E,)) = ((ET, C°(RY))" is closed, since the adjoint oper-
ator of a densely defined operator is always closed. Furthermore, (E, C>°(RY)) is closable
with (B, C2(RYN))" = ((E,C2(RY))) = (], D(E]))'. The quasi-accretiveness of E” as
an operator in L4(RY), proven in corollary 2.2.2, shows that for A\ > 0 sufficiently large it
holds N'(A + ET) = {0}. Here E* denotes the minimal realization (£, C>°(RY)). The
closed range theorem implies that R(A + &,) = N (A + ET)l = {0}+ = LP(RY), since
RO+ ETH) =R\ + &,) is closed. The closedness of R(\ + ET") is a direct consequence
of the quasi-accretiveness of the closure ET of the accretive operator ET. We refer to

lemma A.1.12 for further details. O

It remains to show that R(\ + E”) = LP(RY). From this we would be able to deduce
(E,C=(RN)) = (&, D(E,)) as well as the bijectivity of A + &,. It turns out that it is easier
to prove this result for an elliptic approximation E. of E first. This will be done in the next
subsection.

2.2.3 Elliptic regularization

As mentioned before, there are two peculiarities concerning the differential operator £. The
degenerate diffusion matrix A and the unbounded coefficients A and b. A well-known tech-
nique to deal with unbounded coefficients is smoothing and cutoff. We are going to combine
this method with so-called elliptic regularization to treat our problem. Keeping this in mind,
let us introduce the smooth elliptic regularization E. of E' chosen as

E.u = —div(A*Vu) + (b°, Vu) + cu
with corresponding coefficients

ag; = Ne(we * agj) + 0y,
b = e (we * bj)>

& = ne(we * ¢)

12
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fori,7 =1,..., N and e > 0. The functions 7., w. denote the cutoff function and the mollifier
as defined in section A.3. The parameter ¢ is chosen as any sequence converging to 0.

Lemma 2.2.4. The elliptic regularization E. has smooth and bounded coefficients and is
uniformly elliptic with constant ¢ > 0.

Proof. The smoothness and boundedness of the coefficients are a consequence of the con-
volution with the smoothing kernel and the cutoff. Further, it holds

(A%(2)€,8) = ) mi(@)(wr * ay) ()6 +e > &

ij=1 i=1
N

= ule) [ enlo =) 3 a6ty + 1€ = e lef

i,j=1
for all z, ¢ € RY, whence E. is uniformly elliptic with constant & > 0. O

The coefficients of E. satisfy the assumptions (A1) and (A2) as well, so that the minimal and
the maximal realization of E. are well-defined. In particular, the already obtained results also
hold for the respective realizations of the differential operator E.. A big advantage of E. is
that we may apply classical elliptic regularity theory. For the readers convenience we recall
a partial result here.

Theorem 2.2.5. Let E be a second order strictly elliptic differential operator as in equation
2.2.1 with smooth and bounded coefficients A,b,c € C°(RY). Letp € (1,00). Assume
that u € LP(RY) is a distributional solution to the partial differential equation Eu = g, where
g € CX(RYN), thenu € C* N D(&). Ifp = 2, it holds u € W2*(RY). In particular, v is a
classical solution of Eu = g.

Proof. Let p € (1,00). Every elliptic partial differential operator of second order with smooth
and bounded coefficients is hypoelliptic. In particular, we deduce that v € C>*(RY). For
more information on this matter we refer to remark 2.4.3.

If p = 2, it holds v € W,.*(R") and u is also a weak solution to Fu = g. Therefore, we

loc

can apply the interior regularity estimates from [Eva10, Section 6.3, Theorem 1]to V(R) :=
Br11(0) \ Br(0) C Bry2(0) \ Bgr_1(0) =: U(R) for every R € N. This shows

lllasviry < € (1l + ety ) -

Summation of these estimates for all R € N gives

el < 3C (1l + o) < o0. =

13



2 Degenerate second order elliptic partial differential equations

Lemma 2.2.6. The operator (—E., C>*(RY)) is essentially quasi m-dispersive in L?(R")
uniformly in e € (0,1), i.e. there is a constant Ay, > 0 such that the dispersiveness property
is satisfied for all A > ).

Proof. As explained, we are able to apply corollary 2.2.2 to deduce that (—E., C=°(RY)) is
quasi-dispersive in L?(RY). By definition A.1.5 and by lemma A.1.12, it remains to show that
there is Ao > 0 such that for any A > )\ the range R(\ + E.) is a dense subset of L?(RY).
We suppose there is a function v € L¢(R") such that

<u’ ()‘ + EE)@) =0

for all ¢ € C(RY). In other words, there is a distributional solution v € LI(RY) of the
equation (A + EX)u = 0. The elliptic regularity theory, i.e. theorem 2.2.5, implies that
ueC*n D(qu) C LY(RY) and in particular that u is a classical solution. We consider the
function (u™)7"! € LP(RY) and choose any approximating sequence (¢;)reny € C°(RY) in
LP(RY). Since ETu € LY(RY), it holds

(A4 ENu, (uh)) = lim (AN EDu, or) = Jim (u, N+ Elpr)y =0, (2.2.3)
—00 —00

since (A + ET)¢yy, is an admissible test function for all £ € N. We want to apply proposition

2.2.1 and note that

M, = max{b>>, ¢>*} < max{e max ([Vn](ex),b(x))| + 0>, >} < C+ M (2.2.4)
where C' > 0 is a constant independent of ¢ € (0,1). On the one hand, we conclude, by
proposition 2.2.1 applied to u € C>~ N D(&7 ), that

(ETu, (uh)T) > ~2M, (u, (")) > ~2(C + M) {u, (u*)*)

On the other hand, since u is a distributional solution and as seen in equation (2.2.3) the
function (u™)?"! is an admissible test function, it holds
Ml g = = (B2 (@) < 20+ M) [Jut]

If A > 2(C' + M), this implies ut = 0. Since —u is a weak solution of the equation (A +
ETw = 0, too, we deduce u~ = (—u)™ = 0. This shows that « must be zero. By duality of
LP(RY) and L4(RY), we conclude that R()\ + E.) is dense in LP(RY) for every A > 2(C +
M) =: )\o. Finally, since C>*(R") is dense in LP(R"), we conclude that (—E., C*®*(RY)) is
essentially quasi-m-dispersive. The uniformity of this statementin ¢ € (0, 1) follows from the
fact that the constant A\, was chosen independently of e. ]

14
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Corollary 2.2.7. The minimal realization (E., C:°(RY)) is essentially quasi-m-accretive uni-
formly in e. Moreover, it holds (E., C>*(RM))" = (E.,, D(E.,)). In particular, the operator
(&.py D(E.,)) is quasi-m-accretive.

Proof. We apply lemma 2.2.6 to deduce the quasi-m-accretiveness of (E., C>°(RY)) from
lemma A.1.10. The operator (&.,, D(&:,)) is quasi-accretive, since it is an elliptic second
order differential operator with bounded and smooth coefficients. This is for example proven
in [CV88, Theorem 5.2]. Furthermore, by proposition 2.2.3, the operator (., D(&.,)) is
closed and hence it holds (E., C*(RY))" (&p, D(E:p)). Letu € D(E.,), then Au +
E.,u € LP(RN) for every A > 0. By the quasi-m-accretiveness of E.", there is v in the
domain of E.” such that M\u + & ,u = M + E. v = \v + &. v if X is chosen large enough.
This implies that « = v by the quasi-accretiveness of £, ,, for A large enough. ]

Proposition 2.2.8. Let g € C>°(R"). We assume that u € L*(R") is a distributional solution
of the equation (A + &.5)u = g for some A > 0. In this case it holds u € W (RY).

Let us comment on this result. It is clear that, by elliptic regularity, the function « and its
derivatives are bounded on every compact set so that it remains to provide a bound in in-
finity. We recall that in infinity we basically have E. = cA. We are going to prove the
boundedness in infinity using a statement which is due to Jirgen Moser concerning the local
boundedness of weak subsolutions. Due to the fact that in infinity we are in the case of
constant coefficients, we may differentiate the equation and apply this result to gradient, too.
This method is often called a L? — L° bound because the bound will depend on the L? norm
of the weak solution .

Theorem 2.2.9. Letx € RY, r > 0 and A € L¥(RN;RN*N) be uniformly elliptic with
constant A > 0. We assume that 0 < u € W'%(By,(y)) is a weak subsolution of

div(AVu) =0

in By, (x), i.e. it holds
/ (AVu,Vy) <0
Bar(z)

forall 0 < ¢ € CX(By()). Then there exists a constant c = ¢(N, A, | Al gv) such that
esssup u*(x) < iN/ u?dz.
" J B ()

By (z)

Proof. [Mos60, Theorem 1] O

15
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Proof of proposition 2.2.8. As seen in the proof of lemma 2.2.6, by elliptic regularity, it is
ue C*NW22(RY). Let R > 5= such that supp g C Bg(0). In particular, it holds

supp(ne (we * aij)), supp(n:(ws * b;)), supp(ne(w: * ¢)) C Br(0)

foralli,7 =1,...,N. Let r > 0, then, by continuity of « and Vu, we immediately deduce
u € L®(Bgo,(0)) and that Vu € L>(Bg.2,(0), RY). Thus, it remains to prove the bound-
edness outside of Bg,,(0). This will be done by using theorem 2.2.9. Let y € Bpa,(0) .
We note that due to the choice of R the equation (A + E.)u = g in Bs,(y) reduces to
eAu = —Au in By, (y). We want to show that the absolute value of u is a weak subsolu-
tion of the equation Aw = 0 in By, (y). We approximate |u| by vu? + 62 for 6 > 0. Since
u € WL2(By,(y)), it holds vu2 + §2 — |u| in W12 ( By, (y)). For 0 < ¢ € C®(RY), itis

VViE + 02, Vo) dz = / <vu, \V <L) > dz
/92,.(y> < SO> Bar(y) Vu? + 62
u
— Vi,V [ ——— ) ) pdz
/Bzr()< (\/u2+52>>¢

= L
m b)) VB

<0—/ Mgpdx+ Mg@dx—o
h Bor(y) VU + 07 Bar(y) VU + 07 ‘

Consequently, [u| € W2(By,(y)) is a nonnegative weak subsolution of Aw = 0 in B, (y).
By theorem 2.2.9, we conclude

2 ¢ 2 ¢ 2
esssupu” < — udr < — |lullygn < o0
Br(y) " I Ba(y) "

In the ball By, (y) the equation (A + &.2)w = g in By, (y) reduces to a partial differential
equation with constant coefficients. Since u € C°>°(RY), we can differentiate the equation to
deduce that for every k = 1,..., N the function d,u is a solution in By, (y), too. In particular,
we can repeat our argument to deduce that |0,, u| is a weak subsolution of the equation
Aw = 0in By, (y). Therefore, by theorem 2.2.9, it follows

c
esssup |9, u|” < —N/ |0, ul” dz < ”uHIQRN < 0.
By (y) " JBar(y)

This shows that « and Vu are bounded on By, (0)° due to the fact that y € Bp.2,(0) can
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be chosen arbitrarily and the bound does not depend on the choice of y. Consequently, it
holds u € W1°°(RY). O
2.2.4 Refined decay estimates for weak solutions of \u + F.u = g

For K € N we define Exu = (1+ |#|))2 E(1 + |z]*)"2u and E, = E. The differential
operators Ex are once again of the type of equation (A.1.1) with coefficients

ag; (x) = ai;(w),
" 2Ka;x;
b (z) = bi(z) + S
) =blo)+ 2 5
Ktr(A)  K(K+2) al Or i
K (x) = c(z) + — Ax,x) — b,z) + K A

We note that the coefficients Ak, bx and cx satisfy the same conditions as the coefficients
A, b,c. Hence, all results we have proven for £ remain valid for Ex. We define Mg =
max{b> K>} and

E.x=(E)x=0+z)7E(+|zf) 2.

Lemma 2.2.10. Let K > N. There exists a constant \; > 2max{ M, My, Myx} such that
for every A > \; and any distributional solution v € L?(R") of the equation

A+ EJu=g,
where g € C>°(RY), it holds
(14 |z} 2u e WH A WE=(RY) ¢ WhP(RY)
forall 0 < k < K.

Proof. We define the function g, = (1 + |z|*)2g € C=(RY) for all k € N. Moreover,
we choose \; as the maximal constant of the constants )\, given by lemma 2.2.6 for each
of the operators &.,, & kp and & 2k, As seen in the proof of lemma 2.2.6, it holds
A1 > 2max{M,, Mk, Msk}. By corollary 2.2.7, the differential operators (&: ., D(E-0,)),
(E.rpy D(E:kp)) and (E: 2k p, D(E:2K,)) are quasi-m-accretive for any constant A > ;.
Consequently, there exist unique distributional solutions w. ¢, te r p, Ue 25cp € LP(RY) Of

()\ + gE,O,p)UE,O,p =9, ()‘ + SE,K,p)U’E,K,p = 09K and ()\ + 55,2K,p)us,2K,p = §2K,

17
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respectively. Multiplying the last equation by (1 + |x|2)’% from the left, it follows that
At Eea) (1 [o) ™ ey = gic.

By uniqueness, i.e. the quasi-dispersiveness of £, i, we conclude that (1 -+ |z|*) ™ % uc ok, =
u. x »- The same argument shows that u. ., = (1 + |2|*) 2 u. . To apply proposition 2.2.8,
we need to choose p = 2. By doing so, we deduce u. k2, u. 22 € WH(RY). It holds
(1+ |z*)~2 € WEY(RY) for K > N. Therefore,

ez = (14 |2])) " T ucgre € WH N WES(RY) ¢ LP(RY).

The latter set relation follows by interpolation of the Lebesgue spaces. We deduce that
Ue rco SOVeS (A + E. g)u. ko = gr in LP(RY) and therefore, by uniqueness, it must hold
Ueip = Ue o fOr every p € (1,00). Consequently, it is u. x, € WH' N Wh=(RY) and
since (1 + |z|%)2 < (1+|z|*)= forall 0 < k < K, we conclude (1 + |z|*)5u.0, = (1 +
1232 ue i, € WA WL (RY) € WEP(RY). O

2.2.5 Towards a uniform bound for weak solutions of \u + F.u =g

It is our aim to use the regularized operators FE. to construct a solution to the equation
(A+ E)u = g for A sufficiently large. To do so, we want to take the limit ¢ — 0 of the solutions
ue to (A\+ E.)u. = g and thus we need uniform bounds on u., Vu,. independent of e > 0. The
inequality of the next proposition provides us with the required tools to prove such bounds.
The proof of this proposition will make use of the so-called Oleinik inequality.

Theorem 2.2.11 (Oleinik inequality). Let A € C*(RY; RV*Y) with bounded second deriva-
tives such that A(z) is symmetric positive semidefinite for all x € RY. For all matrices
Q € RN andeveryi = 1,..., N the inequality

([0, A1Q)° < AN*A tr(QAQT)
holds in R . In particular, for allw € C*(RY) and alli = 1,..., N it holds

tr([0,, A]Vu)? < AN? A tr(V2uAV2u).

This theorem is due to Olga Oleinik and her proof can be found [Ole73, Lemma 1.7]. The
proof presented here is taken from [SV06, Lemma 3.2.3].

Proof. We start with an elementary estimate for a nonnegative function ¢ € C*(R) whose
second derivative is bounded by a constant ¢ > 0. Let 2,y € R, then, by Taylor expansion in
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x evaluated at x + v, it holds

C
0<ol@+y) <o)+ ¢ (x)y+ §y2-

Therefore, the quadratic polynomial y — ¢(x) + ¢'(x)y + $y* is nonnegative for all y € R.
Consequently, it can either have a single real root or two imaginary roots. The quadratic
formula implies that (¢'(x))? — 2co(x) < 0 and consequently

¢ (2)] < v/2ep(x).

Leti € {1,...,N} andfix z1,...,2;_1,2Z41,...,2, € R. For j,k = 1,..., N we define the
real-valued function ¢*": R — [0, c0) by

gpik(x) = (e ep, A(z1, ..., Tis1, T, Tip, ..., Ty) (€5 L ex)) -

Since the second derivative of goﬂ;k is bounded by 44>, we conclude

x@i ) < \/SA—OO\/

for all z € R. Writing a;;, = % <gpi_k — gpj;’“), we deduce

Oy, c,aj_’k

(@)

j7k
("2

1 .
‘axiajk(wla"'7xi717xiaxi+17"'7 ) S 4 < 8x180{|1k ($z)+
7.k

< \/QQAOO <\/ o (%H\/

< VaA=\ () + ¢ (@)
= \/2,4—00\/ajj (x) + apr(z).

(wz'))

Let z € RY. We consider the case that A(x) is diagonal first. In this case it holds

7j=1 k=1 J=1
N N N N
SN2 O [Onap) (2)QF, < 2N2A® Y N (a;(x) + ar(7)) Q5
j=1 k=1 j=1 k=1
N
<ANZA® Y Qirark(7)Qf; = AN A% tr(QA(2)Q")
j,k=1

19



2 Degenerate second order elliptic partial differential equations

for any matrix Q. If A(x) is not diagonal, choose an orthogonal basis S such that S A(z)S
is diagonal and then apply above inequality to ST A(x)S and the matrix STQ.S, then

tr([0,, Al (2)Q)* = tr(ST[0,,A](x)SSTQS)? = tr([0,,ST AS|(x)STQS)?
<ANZA>tr(STQSST A(2)SSTQTS) = AN?A® tr(QA(x)QT).
This shows the theorem because = € R” can be chosen arbitrarily. ]

Proposition 2.2.12. We assume that the zeroth order term of the differential operator
satisfies ¢ € C}(R"Y) with bounded first derivatives. Let u € W'? N C*(RY) N D(&,) such
that V(Eu) € LP(RY). Under this additional assumption there exists a constant A\, > 0
depending on the dimension, on the second derivatives of A, the first derivatives of b and ¢
and on the bound of ¢ such that the inequality

(Bu, [uf " u) + (V(Eu), |[Vul > Vu) > =X [ull]
holds.

Proof. We set
M = max{A™, 0%, c™, ||Vl , g }- (2.2.5)

Formally, we can integrate by parts on the left-hand side in the claimed inequality to obtain
(Eu, —div(|Vulf Vu)) = / [—div(AVu) + (b, Vu) + cu] (—div(|Vu’~> Vu))dz.
]RN

This will be the starting point of our proof. However, this integral does not need to be well-
defined. Therefore, as in the proof of proposition 2.2.1, let us introduce the cutoff functions
i, and approximate [Vul" 2 as hs(|Vu|) = (|Vul|*+62)" for p < 2 with the convention that
hs(|Vu|) = |[VulP~? if p > 2. We further introduce the function Hs(Vu) = hs(|Vu|)Vu. We
want to estimate

(Eu,np(—div(Hs(Vu)))) = /RN [div(AVu) — (b, Vu) — cu] div(Hs(Vu))nide
= Il + 12 + Ig.

Let us investigate each of the integrals 1, I, I3 separately. We perform the estimation of the
integral I first. It holds

Il = /]RN le(AVU)le(Hg(VU))U%dI' - Z /IE{N 812(am(axju))axz((awzu)h5)nlzdx

ijl=1
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N
= 37 [0 (0 @y 0)) (Oryls) o
i,5,0=1 RN
N
= Z /]RN _(axiaxl (am(axju)))(ﬁxlu)h(mﬁ - (axz (&ijaiju)) (aﬂ?lu)(aﬂﬂznz)hfsdx
ijil=1
N
= > /}RN — B, (0,11 ) (D) ) (D ) sty — O, (i (Do D)) (Do) s
i,5,0=1
- (aﬁvq (alj(afﬂyu))) (aﬂ?zu)(aﬁvznl%>h5dx
N
= 3 [ 0000 000 Put i + 500 000) Or) O
i,5,0=1 RN
Qij (axlax]u)awz<<8xlu)h5)ni - (axz(alj(amgu))) (aﬂﬂzu) (axzﬁi)hédx
N
=) /}RN — B, (0,11 ) (D) ) (Do, ) sy + 55Dy O ) (Do) (D) s
i,5,0=1
Qij (awzawju)au((azzu)hé)nz + (aijazju) (aa:zu) (3@311772)’15
+ (i (00; 1)) O, (D) ) (Do) da
N
= Z /]RN _axi((axzaij)(axju))(axzu)htsni + aij(axzawjuxaxzu)(amnlz)hls
i,5,0=1

i (O, O ) (O, (D) ) 10 + i (D) (O 1) (O, O 1 s

Qij (8333 U) (aﬁﬂlu> (alz h5) (al”z nl%) + Qij (6173“) (afﬂz nl%) (8% aﬂ?zu) hgdl’
= X1+ X0+ X5+ 05 + Xy + Xo.

Here we have used that the second and fifth term are the same due to the symmetry of A
and V2u. To estimate the second integral /5, we note that — |Vu|* > —(|Vu|* + 62), whence

ya
2

— |Vul* hs > — (|Vul* +6?) (2.2.6)

21



2 Degenerate second order elliptic partial differential equations

and we proceed as follows

B== [ 050 (Ve == 3 [ 80,00, (01, 0)hs)nids

ij=1
N

-y / B, (bs(D0,0)12) (B, W) hsdl
ij—17 RN
N

-y / (B, b:) (D0, ) (D W) 572 + (D, Do) (D )it + (D0,0) (D 10) (B0 Ybihad
ij—17 RN
N | =

=Y [ 0000000 st + 00 (17 ) 1+ (0u)Ds0) 0 s
ij=17RY

1 .
:;/ ([DHVu, V) héng+<b,v (—(|vu|2+52)2)>nidx+0§
RN p
M .
> M [ Vil hsride = 25 [ (9 ) e
RN P JrwN
1 2 .
__/ (b, 902) ((Vul? + 62)% d + O
P JrN
>—2M [ (|Vul? +52)gn,§dx+ O; + 03,
RN

Lastly, the third integral can be estimated as

I;=— / cudiv(Hs(Vu))nidz
RN
- / (Ve, Hs(Vu)) un? + ¢ |[Vul® hsn? + cuhs (Vn;, Vu) dz
RN

> / (Ve, Hy(Vu)) unidz — M n2(|Vul® + 6%)3dz 4 OF
RN RN

> —M/ ] |Vu|h5n,§dx—M/ 2 (IVul? + 624 dz + O
RN RN

where we have used that ¢ € C}(RY), inequality (2.2.6) and the Cauchy-Schwarz inequality.
We continue by estimating the integrals X, ..., X,. Let us start with the integral X;. Let
e € (0,1), then, by the product rule, the Oleinik inequality, the Peter-Paul inequality with
parameter ¢ and by inequality (2.2.6), we deduce

N
X1 =— Z aﬂﬁz((awzaljxa:c]u))(&clu)thnl%dx
]RN

i,5,l=1
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_y / (000,15 (D, 0) (O )51+ (Dny35) (D0 ) Doyl
]RN

zyl 1

= — Z / (O, 0z,0:5) (0 u)(@xlu)hmkda:—Z/ t1(0y, AVZ0) (9, u) hsnpda
RN

i,5,l=1

1
> —-M \Vul® hynPde — / 2e N2 M tr(V2uAV2U )hsni + % \Vul? n2hsda

RN RN

1 P
<M + 28) / (|Vu]2 +0%)? gpdz — 2eN°M tr(V2uAV?u)hsnpdz.
RN

We estimate the second integral X, using lemma B.0.2 as well as the Peter-Paul inequality
with parameter ¢

X, = Z /IRN (05, 1) (03,3 ) (0, O ) s d

1,7,l=1

=92 Z/ i (O, 1) (O, O, ) (O, i) hsp A

i,5,0=1

= 2/ <Vu, AVZank> mphsdr = 2/ <AV2uV77k, Vu> Nihsdx
RN RN

> —2/ \/(AVu, Vu) |V77k|2\/tr(v2uAV2u)77£h5dx
RN

> = [ (A0 V) (Vi hads = = [ (VAT hids
RN RN

= 0% — 5/ tr(V2uAV?u)nihsdz.
RN

The third integral X5 can be calculated as

X; = Z /R  ij(0r, 05, u) (02, ((Dnyu)hs))midz

i,5,0=1

= — 2 Z / (l” V u lj |VU| +52) (v2 )m(axnu)(aa:zu)nl%dx

i,4,l,m=1

+ / tr(V2uAV?u)hsnpda
RN
=(p—2) / tr(V2uAV?u(Vu @ Vu)) (|Vu|2 + 52)% nidzx
RN

+ / tr(V2uAV?u)hsnpda.
RN
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Moreover, using lemma B.0.2, the Peter-Paul inequality with parameter ¢ and the inequality
— | Vul]? (|Vul® + 52) = > —hy

we estimate the fourth integral X, as

Y=y / 04(00,1)(01, 1) Do) O )

i,7,l=1

2002 Y [ 000 (T B (T 5 5% e

i,4,L,m=1

=2(p 2)/ (Vu, V2uAVu) (Vii, Vu) (|Vu| +(52) nidx

> 2/ VAV, V) (p — 22 |Vul [V tr(V20AV20) [Val (90l +62) 7 nide
RN
2 - —>/ (AVu, Vu) hs | Vi|* dx—E/ tr(V2uAV?u)nihsde
£ RN RN
= 0) — 5/ tr(V2uAV?u)nihsdz.
RN

Thus, all estimates on X3, ..., X, together give

6
i 1 5
> ;(95 — (M + 2—€) /]RN (]Vu]Q +0%)? npdx

+ (1 —2eN*M — 2¢) / tr(V2uAV?u)hsnpda

RN

+(p—2) / tr (V2uAVu(Vu ® Vu)) (|Vu|2 + 52)172;4 dz.
RN

Choosing £ > 0 small enough, we may assume (1 — 2e N2M — 2¢) > 0. ltis (Vu® Vu);; <
|Vu|?, which shows that the maximal eigenvalue of Vu ® Vu is bounded by |V2u|. By the
positive semidefiniteness of A, it holds V2uAV?u > 0 in RY and therefore, by [WKH86,
Lemma 1], we deduce

tr(V2uAV2u(Vu ® Vu)) < [Vul” tr(V2uAV2u).
Furthermore, since Vu ® Vu is symmetric positive semidefinite it holds

0 < tr(V2uAVu(Vu ® Vu)) < |Vul’ tr(VuAV?). (2.2.7)
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Consequently,

6
. 1 P
(Bu,mp(—div(Hs(Vu))) > ) 05 — (4M + 2_5) /RN (IVul? + 6%) 2 nde
1=1

- M/ lu| |Vu| hsnide
RN

p—4
2

(1= 2NN =2) [ a(VAV(Tu e V) (9l + )T g

RN

If necessary, we reduce £ > 0 such that the factor of the last integral remains positive. By
equation (2.2.7), we may estimate the respective integral by zero from below. Due to the
assumption that V(Eu) € LP(RY) we may integrate by parts to deduce

6
. 1 P
(MV(Eu) + EuVn;, Hs) > > 0; — (4M + —) / (IVul® + 6%) 2 n2dz
i—1 25 RN
— M/ lu| |Vu| hsnide.
]RN
To conclude, we want to to take the limits & — oo and § — 0. We recall that we need

to consider the limit 6 — 0 only if p < 2. By theorem of dominated convergence and the
theorem of monotone convergence, we conclude

6
. 1
(MV(Eu) + EuVn}, [Vul 2 Vu) > Y 0" - <4M + —) / \Vul? nida
i—1 25 RN

M [l [V s
RN
as 0 — 0. Using the Hoélder inequality in the last term of the right-hand side shows
6
2 2 p—2 i 1 P2
(N (Eu) + EuVng, |[Vul’ ™" Vu) > Z(’) — [ 4M + — |Vul” nidx
i—1 25 RN

—M/|MWW”%M
RN

6
: 1
> O — [ 4M + — Vul? n2d
_; < +2€)/1RN| u|” mdx

p—1

S T
RN

for all £ € N. Let us now consider the limit & — oco. We note that the terms &!,...,&°
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converge to 0 as k — co. This is due to the finiteness of A*, b> and ¢*°, the boundedness
of Ve, the fact that v € WH?(RY) and due to the behavior of V. An application of the
theorem of dominated convergence shows the claimed convergence. Analog arguments
have already been used in the proof of proposition 2.2.1.

Since Vu € LP(RY), it holds |[Vu[’">Vu e LY(RY), where ¢ is the dual exponent of
p. Due to Fu € LP(RY), we conclude that EuVn; — 0 in LP(RY). This shows that
{EuVn, |Vul’~? Vu) — 0 by duality of L?(R") and L¢(R"). We deduce

<V(Eu) |VulP~ 2Vu> > — (4M+ ) HVqu]RN M [lull,, g HVquRN.
Furthermore, by Young’s inequality, we estimate
_ M M (p
(V). [V V) > = (4004 3 ) 190y = 5 Nl = 22 [l

>~ (53 + 5 ) IV Ul = Ml
Since +u € C*(RY) N D(E,), by proposition 2.2.1 applied to +u, we also deduce that
(Bu, [ulP "2 u) > —2M (u, [ul" " u).
By adding the last two inequalities, we finally conclude

(Eu, [P~ u) + (V(Eu), |Vl Vu) > — (5M + ! ) [Vul[? gv — 3M (u, |ulP~? u)

1
>~ (s s 2_> Il e = = el - O

2.2.6 Quasi-m-dispersiveness of an intermediate operator

For technical reasons we introduce the intermediate operator E; with domain

N|—

D(E!) ={ue W""(RV)N D(E,) | (AVu,Vu)? € LP(R"Y)}
and Eiu = Eyu for all w € D(E}). In particular, it holds C°(RY) € D(E}) C D(&,).

Proposition 2.2.13. As in proposition 2.2.12, we assume that ¢ € C'(R") with bounded
first derivatives. Under this additional assumption there exists a constant A3 > 0 such that
R(A+ Ef)is dense in LP(R™Y) for all A > A + 1.
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Proof. We choose 5\3 larger than the maximum of the constants Ay, A; and A, given in the
previous statements for the operators .y and I, ; and set A3 = A3 +1 — p~!. The constant
A3 can be chosen independently of £ € (0, 1) as seen in inequality (2.2.4).

Let g € C°(RY). We want to calculate a solution u € D(E}) of the equation (A + E})u =
g. Due to the choice of A > A3 + 1, we know that there exists a weak solution to the
corresponding regularized problem. In particular, by elliptic regularity, there are functions
Ue 0., Ue 1 p € C° N D(E.,,) Which are solutions of
(/\ + Es,O)us,O,p =g (228)
A+ Eo1)ucqp = (1+ \:U])%g =: g. (2.2.9)

By lemma 2.2.10, it holds u. g, uc o, € WH N WL (RY) ¢ W#(RY). Moreover, arguing
as in the proof of lemma 2.2.10, itis u.;, = (1 + |2|)2u.,, and

Vi =V ((1+ 2] ueg,) € L(RY).

Differentiating equation (2.2.9), we deduce V(E. 1u.1,) = Vg1 — AVu. 1, € LP(R"). Since
the zeroth order term of E. ; is in C(RY), we may apply proposition 2.2.12 to deduce

(g1 — Muc 1 p, |Ua,1,p|pi2 Ue1p) + (Vg1 — AVue 1 p, |VU5,1,p|p72 Vue1p) > —5\3 ||u£,1,p||217’p7RN )
whence

(A= Xa) lueapll} v < (90, e o~ e 1) + (Var, Ve ol Ve )

-1 -1
< gl m lenpllyma + 1Vl Ve pll, ga

1 p—1
< » g1l , v + o e 1,pl[} v

p—1
<|allf p g~ + 0 [tte,1,p11) v

by Young’s inequality. This shows

1 v 1
sl < (7 ) Torhose < 3ol

since A\— A3 > 1. In particular, the sequence (ue,1 ,)-c(0,1) is uniformly bounded in W17 (R").

Similarly, it holds
1

[ue0plly prr < A_—A?)Hglll,p,m- (2.2.10)
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Hence, the sequence (u. ,)-c(0,1) is uniformly bounded in W*#(R™), too.

Consequently the sequence (E. o ,uc0,)ec(0,1) is uniformly bounded in W'?(RY). Due to
the reflexivity of W1P(R") there exist weakly convergent subsequences

/ 2
Ue,0p — U, L+ [z ucop = venp = v, Eoplenp = W

with corresponding limit functions u,v,w € W'P(RY). By equation (2.2.8), it must hold

w =g — Auandv = 1/1+ |z|*u. To conclude that u is indeed a solution of (A + Elu = g,
it remains to show that v € D(E}) and that E/u = w. ltis u € W'?(R") and in particular

Vu € LP(RN). Since 1/1 + |z]*u = v € WHP(RY), it follows from

V14 efPYVu = Ve - —2L ¢ PRY)
\/1—|—]x\2

and from the fact that a;; grows at most of quadratic order, that \/(AVu, Vu) € LP(RY).

Next, we are going to show that (u. ,, EXg¢) — (u, ET¢) as ¢ — 0 for every test function
¢ € C(RY). Let ¢ € C*(RY). The sequence (E!p).o is uniformly bounded in the
dual space L(R") and it holds EZ;p» — E"¢ pointwise, since ¢ € C°(R"). Due to the
boundedness in L4(RY) and by the theorem of dominated convergence, this convergence
holds in L4(RY) as well. Weak convergence in W'?(R") implies the weak convergence in
LP(RN). In particular, uc o, — uin L?(RY). We conclude that (u. o ,, EXg¢) — (u, ETp)
as ¢ — 0 by duality of LP(RY) and L4(RY). From E_ gu., — w in L?(R") we deduce

<U> ET90> = 1_1_{% <u€,0,pa Eg:090> = 1_1_{% (BeoUe0p, ©) = (W, @)

and thus w = Elu € LP(R"Y) and (A + E})u = g. We conclude that u € D(E/), whence
C(RN) € R(X + E)). This shows that the range of A + E/ is dense in L?(R"). O

Proposition 2.2.14. It holds (Ei, D(E})) C (E,C=(RN))".

Proof. To prove the claim, we are going to show that every u € D(E;) can be approximated
by a sequence of functions (u;) C C°(RY) such that uy — v and Euy — Efuin LP(RY).

This shows that u € D(E").

As a step towards this claim, we first show that every function in D(E?) can be approximated
by functions D(E!) N LE(RY) in above sense, where

LP(RN) = {u € LP(RY) | suppu C R" is bounded}.
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Let u € D(E;) and define the sequence u, = n,u where n;, denotes the sequence of
cutoff functions from section A.3. Since 1, € C®(RY) and 0 < n, < 1, it holds u;, €
D(E;;) N L2(RY) with

N
E;uk = nkE;u — 2(AVny, Vu) — Z Oz, 050, MUt — tr(AV2n)u + (b, V) u.

ij=1

This can be shown by performing partial integration in the integral (un, ET ), while using
the fact that u € W'?(RY).

It remains to show that Elu, — Elu in LP(RY). It holds nyElu — Elu in LP(RY), since
Elu € LP(RY). We want to prove that all the other terms converge to zero. Due to the
boundedness assumption made on the derivatives of the coefficients, we see that 0,,a,; and
b; grow at most linearly in |z| and a,; grows at most of quadratic order in |z|. As presented
in section A.3, the derivative of the cutoff function Vn, decays of order than k~! and its
support is contained in Bs;(0). The second derivatives V27, decay faster than k=2 while
their support is contained in Bs;(0), too. We conclude

N
Z O, i 0, MU

i,j=1

< C'ul

for a constant C' > 0. Given z € RY, it holds 7.(z) — 0 and Vn,(z) — 0 as k — oo.
Therefore, 0,,a;;0,,m:u — 0 pointwise boundedly. Using that v & LP(IE{N), we deduce that
O, 0i0:,meu — 0 in LP(RY) as an application of the theorem of dominated convergence.
The convergence of the fourth and fifth terms to zero follow by similar arguments. For the
second term we note that

AV, V)| < A/ (AVe, Vi)V (AVu, Vau) € LP(RY),

since u € D(E}) and (AVny, Vi) € L=(RY). Arguing as before, it holds (AV7y, nu) — 0
in L?(R") by the theorem of dominated convergence and therefore we deduce Eiuj, — Elu
in LP(RY),

Next, we choose any . € D(E!)N L.(R") and define u; = (wy xu) € C(RY) € LE(RY)N
D(E;). By theorem A.3.5, it holds u;, — u in L?(R") as well as Fuj, — Eju in LP(R").

Finally, let w € D(E}). We choose a sequence (ux)ren C D(E)) N L.(RY) such that
ur — uand Eju, — Euas k — oo. Moreover, for every £ € N we choose a sequence
(urt)ien C C°(RN) such that up; — up and Euyy — Eluy, as | — oo. To conclude, we
choose the sequence (uy x)ren, Which satisfies ug , — w and Eug — E;u As explained,
this implies u € D(E”) and henceforth that (E!, D(E})) C (E,C=(RN))". 0

29



2 Degenerate second order elliptic partial differential equations

Corollary 2.2.15. We assume that ¢ € C}(R") with bounded derivatives. Let A > X3 + 1,
where ) is given by proposition 2.2.13. It holds R(A + E) = LP(R™).

Proof. By proposition 2.2.13, we deduce that R(\ + E.) is dense in L?(R"). The claim
follows using proposition 2.2.14 and noting that

LP(RY) =R(A+E) CR(A+E") =R(A+E") C LP(RY),

since as seen in the proof of proposition 2.2.3 the range of A + E” is closed. ]

2.2.7 Quasi-m-dispersiveness of the negative maximal realization

Theorem 2.2.16. Letp € (1,00) and denote by (E,C*(RY)) and (€,, D(E,)) the minimal
and the maximal realization of a degenerate second order elliptic differential operator satisfy-
ing the assumptions (A1) and (A2). Then (E,C>=(RY)) is closable in LP(R") and its closure
is given by (€,, D(E,)). The negative maximal realization (—&,, D(E,)) is quasi-m-dispersive.

Proof. To apply the previous results, we introduce the perturbed operator £ given by £ =
—div(AVu) + (b, Vu). It satisfies the assumptions of corollary 2.2.15, since ¢ = 0. We
choose A > max{3M, A3 + 1}, where M = max{A> b> >} and \3 > 0 is the constant
given by proposition 2.2.13 corresponding to the operator £. By definition A.1.5, it follows
that —E" is quasi-m-dispersive. Furthermore, by proposition 2.2.1, we may estimate the op-
erator norm of the resolvent as ||(A + E")~!|| < A — 2M. Here we have used the equivalent
characterization of accretiveness given by proposition A.1.6 together with proposition A.1.10.

We introduce the multiplication operator Uu = cu which is a bounded linear operator on
LP(RM). It holds [|¢||, gpv < M and therefore ||U]| < M. Moreover, for every ¢ € C*(RY)
it holds

Mo+ Ep=Xo+Ep+Up=>Id+UN+E) A+ E)e.

From the inequality
<1

—1
U+ B < M

and the Neumann series we are able to deduce that the operator (Id +U (A + E) ) is invert-
ible in L?(RY). This shows that R(\ + E*) = R(\ + E"), since the operators E and E are
closable in L?(R"). Using corollary 2.2.15, we deduce

PRY) =RAN+E")=R(\+E") c LP(RV)
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and thus the closure of (—E,C>®(RY)) in LP(RY) is quasi-m-dispersive. Finally, we con-
clude LP(RY) = R(A+E") = R(A+E,). Itholds E C &, and thus it must be (E, C*(RN))" =
(D(&,), E,) as a consequence of the quasi-dispersiveness, as seen at the end of the proof
of corollary 2.2.7. O

Corollary 2.2.17. The maximal realization (&,, D(&,)) is quasi-m-accretive and the minimal
realization (£, C>°(RY)) is essentially quasi-m-accretive.

Proof. This is the consequence of lemma 2.2.6 and the latter theorem. ]

2.2.8 The semigroup generated by the maximal realization

For the readers convenience we recall the assumptions and the definition of the differential
operators E, &,. We are dealing with differential operators of the form

Eu = —div(AVu) + (b, Vu) + ¢

with coefficients A, b and ¢ satisfying the following assumptions

(A1) A € C*(RY; RV*N) with bounded second derivatives, b € C1(RY; R") with bounded
derivatives as well as ¢ € L>*(RY).

(A2) For all x € RY the matrix A(z) is assumed to be positive semidefinite.

Let p € (1,00). The minimal realization is the classical differential operator (E, C>°(RY))
and the maximal realization (&,, D(&,)) is to be understood in the distributional sense on its
domain

D(&,) = {u € LP(R") | Bu € L?(RM)}.

Theorem 2.2.18. The negative maximal realization (—&,, D(E,)) is the generator of a strongly
continuous, quasi-contractive and positive semigroup.

Proof. At this point, this is merely a consequence of theorem A.1.9 and theorem 2.2.16. [

Corollary 2.2.19. If A\ € p(—¢&,), then for every g € LP(RY) there exists a unique distribu-
tional solution u of the equation
A+ E)u=g.

Moreover, if g > 0, then u > 0.

Proof. This is a direct consequence of the generator property of (—&,, D(€,)). Note that
positivity of the semigroup implies positivity of the resolvent by proposition A.1.8. ]
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Theorem 2.2.20. For every initial datum f € LP(RY) the Cauchy problem

{&tu =—Fu, t>0
u(0) = f

admits a unique weak solution u € C([0,00); LP(RY)). The function u is a strong solution if
and only if f € D(E,). The corresponding semigroup (1'(t)):>o is positive.

Proof. This is the direct consequence of theorem 2.2.18, proposition A.1.16 and proposition
A.1.17. O
Theorem 2.2.21. If A\ > max{3M, \3 + 1}, then W'P(RY) is an invariant subspace of the
operator (A + &,)~! and of the semigroup (T (t));>o. Furthermore, it holds

_ 1
||(A + gp) 1qu,p7RN S )\_—)\3 ||u||1,p,]RN and ||T(t)f||17p,RN S eXp(A:;t) Hf||17p,RN
for all u, f € W1P(RY).

Proof. If g € C>(R"), we have seen that a solution of the equation A\u+ Fu = ¢ can be con-
structed as the weak W1?(R") limit of functions u. o, € W(R"). Moreover, by inequality
(2.2.10), we know that these function are uniformly bounded. By the lower semicontinuity of
the norm with respect to weak convergence, we deduce

—1 o . .
H()\+ E) gH17p7]RN = ||U||1,p,RN < hglglf ||Ue,0,p||1,p,1RN < )\_—)\3 ”ng,p,RN :

Thus, by density of C>°(R”Y) in W1?P(RY), we conclude the estimate for the resolvent. The
estimate for the semigroup is the consequence of the Yosida approximation for the semi-
group. Let f € WHP(RY), then

n—oo

T(t)f = lim (1 + %5p> h f

for all ¢ > 0. Consequently,

_ AN 1
PO < B (£) s Wl = 0O - O

n—00 % — )\3

Remark 2.2.22. Let us compare the results presented in this section with the results obtained
in the article [Iga74]. Therein the well-posedness under similar assumptions is proven in the
case p = 2. At first glance this approach seems much shorter and more elegant. However, it
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is not as powerful as the approach presented in this chapter. In contrast to [Iga74] we derive
the positiveness of the semigroup 7'(t). Furthermore, we consider every p € (1,00) and
prove that W1?(R") is an invariant subspace to the semigroup.
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2.3 The Cauchy problem on bounded domains

In the previous section we have seen how to treat degenerate elliptic-parabolic second order
partial differential equations in RY. The aim of this section is to present an outlook on the
theory of degenerate elliptic-parabolic second order partial differential equations on bounded
domains Q C RY. The section is based on the book [Ole73] and on [WYWO06, Chapter 13].

2.3.1 Generalized Dirichlet boundary conditions

We start with the presentation of a suitable framework for the theory of degenerate second
order elliptic partial differential equations on bounded domains. Let 2 ¢ R” be a bounded,
connected and open set with piecewise C*-boundary and outer unit normal n(z). We are
interested in the second order partial differential operator given by

Eu = —tr(AV?u) + (b, Vu) + cu (2.3.1)

in trace form or written in divergence form as

N
Eu = —div(AVu) + (b, Vu) + Y  0,a:;0,u + cu.

ij=1

For the sake of simplicity we assume that the coefficient functions are smooth up to the

boundary, i.e. A € C>*(Q), b € C*(f2) and ¢ € C*(£2). Moreover, we assume the positive
semidefiniteness of the matrix A, i.e. (A(x)¢, &) > 0forall ¢ € RN andany z € Q.

The boundary ¥ = 90 of Q will be separated into different parts. We denote by X° =
{z € 0Q | (An(z),n(xz)) = 0}. Furthermore, we introduce the so-called Fichera function
F: 09 — RY defined as

F() = (b(a).n(2)) + 3 Oy, 055(x)ni(x).

It is named after Gaetano Fichera, who together with Olga Oleinik is the author of most of
the results presented in this section. Using the Fichera function, we subdivide X° into the
four parts given by

Ye={zeX | £F>0}, Yy={zecx’ | F=0}and ¥, = 00\ X

This partition is called the sigma partition of the boundary. If the boundary is only piecewise
smooth, one needs to change the definition of the sigma-partition of the boundary slightly. In

34



2 Degenerate second order elliptic partial differential equations

this case we are going to consider interior points of each of the smooth parts of the boundary
only. It turns out that the right Cauchy problem to solve is

(2.3.2)

FEu=h 1inQ
u=f onY_ U2,

for suitable functions h and f.

Let us consider the case £ = —A, then ¥° = () = ¥_ and thus £, = 99. In this case the
Cauchy problem (2.3.2) is the classical Dirichlet problem for the Laplacian. We highlight the
fact that it is not possible, at least using this theory, to prescribe boundary values on ., and
Y,. For a physical interpretation on the sets >¥_ and X, we refer to section 3.3.2. Let us
anticipate that the set X_ describes in some sense the part of the boundary where an inflow
takes place, while X2, describes the boundary part where an outflow happens.

We note that every degenerate parabolic-elliptic second order partial differential equation
O = tr(AV?u) + (b, Vu) + cu

can also be stated in the form of equation (2.3.2). To see this, we introduce the parabolic
cylinder @ = (0,7 x 2 and define new coefficient functions as

~ 0 0
Alz) — ROV X (N+1)
(=) (0 A(t,x>) € ’

b= (1,-b(t,x)) € RN*! and &(t,2) = —c(t, ) for all (t,z) € RN. The boundary of the
parabolic cylinder () is only piecewise smooth. Let us therefore introduce the set

0,Q ={0} x QU (0,T) x 0QU{T} x

containing the interior points of the smooth parts of the boundary of 9Q. In the sense of
equation (2.3.1) this leads to the partial differential equation

dyu = tr(AV>u) + (b, Vu) + cu + f.

Let us calculate the sigma-partition corresponding to the degenerate parabolic equation. We
denote by 9., 27 and X7 the sigma sets to the elliptic problem with coefficients A, b, é on
the set (). The sigma sets without the superscript denote the sigma partition corresponding
to the elliptic problem with coefficients A, b, c on the set €). The outer unit normal n to Q) in
a point (¢,x) € 0,() is given as

a(t,x) = (—1,0) ift=0,2€Q
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n(t,z) = (0,n(z)) ift e (0,T),z €00
(t,z) = (1,0) ift=Tz¢€Q,

it

where n(x) denotes the outer unit normal to 2 in x € 99. First of all, it holds

2 = {(L2) € ,Q 10 = (A@)i(x),ilx) ) = (A@)n(x), n(2))}
= {0} xQU(0,T) x ZyU{T} x Q.

We calculate the parabolic Fichera function

FT(t, 1’) = _]l{O}XQ<t, $) + ]].{T}Xﬂ(t, ZE) + F(.Z')]].(O’T)Xaﬂ(t, ZL‘),
whence

ST ={(t,z) € % | Fr(t,z) >0} ={T} x QU (0,T) x =,
ST ={(t,z) € X% | Fr(t,z) <0} = {0} x QU (0,T) x ©_

and
Y'=0,0\%%=(0,T) x X..

Consequently, the homogenous Cauchy problem (2.3.2) with coefficients A, b, ¢ on the set Q
is equivalent to

Ou = tr(AV?u) + (b, Vu) +cu ¢t >0,z € Q
u(0,2) = f(0,2) r e
u(t,z) = f(t,x) te(0,T),ze€X_UX,

where a suitable function f, which prescribes the initial datum and the boundary values for
positive times on ¥ U X, is given.

If A= 1Idy, b = 0 and ¢ = 0, we end up with the Dirichlet problem for the classical heat
equation on a bounded domain. Another enlightening example is the case where A = 0 and
¢ = 0. In this situation we are looking at the transport equation corresponding to the vector
field b. Let Q C RY, then the important sets of the sigma partition are given by

YT ={0} x QU (0,T) x {x € 02| (b,n) < 0},
xI=9.
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Given a suitable function f, the Cauchy problem consists of finding a function such that

dyu = (b, Vu) t>0,x€)
uw(0,z) = f(0,z) x€Q
u(t,z) = f(t,x) te€(0,T),ze€X_.

This means that we have to prescribe boundary values on every point of the boundary where
the vector field points inward. In figure 2.1 one can see an example of such a situation. The

Figure 2.1: The partition of the boundary for some transport equation
dotted parts of the boundary correspond to the set ¥_. We note that we are allowed to

prescribe how much of the mass is transported into the domain but not how much mass
leaves the domain. This makes sense, especially from a physical point of view.

2.3.2 A notion of weak solutions and an existence result
We want to define weak solutions to the Cauchy problem (2.3.2) and present a result on

the existence of such. As in the previous section, we introduce the formal adjoint £7' of the
differential operator E given by

ETp = —div(AVyp) — (b, V) — Z O, ;0,0 — Z 00y, 0x; 045 + (¢ — div(D) )y

7,7=1 1,7=1
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for suitable functions ¢ to provide a shorthand way of writing

(h,¢) = (u, E"¢,)

where u is a smooth solution to the Cauchy problem (2.3.2), where h € LP(Q2) and ¢ €
C*(Q) with zero trace on ¥_ U X... This is how we define weak solutions to the Cauchy
problem in L”()). We are going to consider the case of homogenous boundary conditions,

ie. f=0.
Definition 2.3.1. We say that a function « € L?(£2) is a weak solution of the Cauchy problem

(2.3.2), where h € LP(RY), if for all o € C*(Q) such that ¢|y, . =0, it holds

(h, ) = <u, ET90>.

Theorem 2.3.2. Letp € (1,00). We assume that c > 0 on Q and that

N
—le(b) — Z 8901036].(1@-]- +c>0

i.j=1

on §). Forevery h € LP(Q) there exists a weak solution to (2.3.2) in the sense of definition
2.3.1. If p > 3, the weak solution is unique.

Proof. [WYWO06, Theorem 13.1.2] and [Ole73, Chapter 1]. O

Remark 2.3.3. (i) If 1 < p < 3, then the weak solution to (2.3.2) is in general not unique.
For further information we refer to [Ole73, Chapter 1].

(i) Note that this is a different notion of weak solution than usual. There are also existence
results for weak solution in terms of weak derivatives. But for such existence results
one needs more assumptions on the domain 2. A prominent theorem, which is due
to Kohn and Nirenberg, gives existence of weak solutions in the Sobolev sense under
additional assumptions. This can be found in [KN67] or in [Ole73, Section 1.9].

(i) Let us note that there is an extension of this theory that allows also Neumann type
boundary conditions. More information on this matter can be found in [Fic59].
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2.4 Hormanders theory of hypoelliptic operators

2.4.1 Partial differential operators and Lie algebras

Definition 2.4.1. We consider partial differential operators of the form

P = Z Co(x)0”

la|<m

with coefficients ¢, : {2 — R. An operator P of above shape is said to be of order m. We say
that P is constant if all coefficients ¢, are constant functions in {2 and we call P homogeneous
if Co = 0.

Definition 2.4.2. A partial differential operator is called hypoelliptic if for every open subset
2 C R™ and every distribution u € D’'(2) such that Pu € C*(Q), it holds that u € C'*(12),
i.e. the distribution u can be represented by a function u € C'°(12).

Remark 2.4.3. Every elliptic second order partial differential operator is hypoelliptic. This is
for example shown in [Shi92, Chapter 4, Theorem 2.1].

Definition 2.4.4. A Lie algebra is a vector space V' over a field K equipped with a so-called
Lie bracket [-,:]: V x V — V, (z,y) — [z,y]. A Lie bracket is a bilinear map which satisfies
the Jacobi identity

[z, [y, 2] + [y, [z, 2] + [z, [y, 2]] = 0

forall x,y,z € V as well as [z,z] = 0 for all z € V. The dimension of a Lie algebra is the
dimension of the corresponding vector space.

Example 2.4.5. We consider the space C>*(R";R") of all smooth vector fields. Given two
vector fields X, Y, we define

(X, Y|(z) = DV ()W (x) — DW (x)V (x)

for all z € R™ Then (C>(RN;RY), [, ]) is a Lie algebra. Let X = >  a;(x)9,, be a
smooth first order differential operator on functions u: R® — R. We might interpret this
differential operator as a vector field by viewing 0,., as the i-th unit vector. By this identification
we might regard the first order differential operators as a Lie algebra.

Definition 2.4.6. Consider a Lie algebra (V| [-,:]). Given vectors vy, ..., v,, we denote by
Lie(vy, ..., v,) the smallest subspace of V' such that Lie(vy, ..., v,) endowed with the re-
striction of [, -] is a Lie algebra.
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2 Degenerate second order elliptic partial differential equations

2.4.2 Hormander’s theorem

In this section we are going to consider general second order differential operators P that
can be written as a sum of squares of first order differential operators. Such an operator P
is of the form

P=>"X’+Xo+c (2.4.1)
j=1
with real C™ coefficients on an openset ) Cc RY. X,, ..., X, denote first order homogenous

differential operators in the open set 2 c R with C*> coefficients and we assume that
c € C*(Q). The following theorem is due to Lars Hérmander. It is inspired by the work of
Andrei Kolmogorov on the Kolmogorov equation. We are going to investigate the connection
between the following theorem and the Kolmogorov equation in chapter 6.

Theorem 2.4.7. Let P be a second order differential operator as in equation (2.4.1) and
assume that for every x € € it holds that

dim Lie ({Xj17 [le, Xj2}7 [le, [Xj2, Xj3], ce | ]z = 0, ce ,n}) =n, (242)
then the operator P is hypoelliptic.

Proof. [H6r67, Theorem 1.1] O
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3 The Cauchy problem for Kolmogorov
equations

In this chapter we are going to study the degenerate parabolic Cauchy problem for equations
similar to the Kolmogorov equation:

owu+v-Vyu = Ayu.

We start by investigating equations with constant coefficients on RY. Afterwards, we are
going to apply the results from section 2.2 to Kolmogorov equations with variable diffusion
coefficient. At the end of the chapter we are going to study Kolmogorov equations with
constant coefficients on bounded domains.

3.1 Kolmogorov equations with constant coefficients

In this section we are going to study the well-posedness of Kolmogorov equations with con-
stant coefficients. To be more precise, given the two matrices A, B € RV*", we want to
study the linear partial differential operator

Ku = div(AVu) + (z, BVu)

on suitable functions u: R x RY — R. Moreover, we are interested in the degenerate
parabolic problem
Ou = Ku = div(AVu) + (x, BVu) . (8.1.1)

We make the following structural assumptions on the matrices A, B. Let mg,...,m, be
natural numbers such that mg > m; > --- > m, > 1 and ZZZO my = N. We assume the
diffusion matrix A to be of the form
Ay O
A=
(5 0)
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3 The Cauchy problem for Kolmogorov equations

for a symmetric and positive definite matrix A, € R™*™0. B will be given by

0 By 0 0
0 0 B 0
B=|: : :
o 0 0 --- B,
o 0 0 --- 0
with matrices B, € R™—1*" of rank m,, for k = 1,...,r. At this stage we want to fix some

useful notation. The dilation group on R” is described by the matrix §, € RV*¥, given as
5y = diag(A Idymg, A* Idyn, . .., AL 1d,, )

for A > 0. The number @) = mgo + 3my + --- + (2r + 1)m, is called the homogenous
dimension of RY. It holds det(dy) = \“. An arbitrary vector x € R" can be written as
r= (20, ... 20))withz® € R™ forallk = 0,...,r. The first order term of the degenerate
parabolic problem (3.1.1) will be denoted by Y, thatis Y = (x, BV) — 0,. The structural
assumptions made on X will be assumed throughout the complete section 3.1.

Example 3.1.1. We choose N = 2n, mg = m; = n, Ag = 1d,, and B; = —1d,, for some
n € N. In this case K is the differential operator corresponding to the Kolmogorov equation

Ou+v - Vyu = Ayu. (3.1.2)

As suggested in the introduction, the Kolmogorov equation is a forward Kolmogorov equation
to a stochastic differential equation. To be more precise, this partial differential equation is
the forward Kolmogorov equation corresponding to the following 1té stochastic differential
equation:

dX'(t) = V(t)'dt fori=1,...,n,
dVe(t) = V2dW'(t) fori=1,...,n

for an n-dimensional Wiener process W (¢). This system describes the evolution of a particle
at the position X with velocity V', driven by a Brownian fluctuation of its velocity V. For more
information on stochastic differential equations and their forward Kolmogorov equations we
refer to the book [SV06].

Lemma 3.1.2. The differential operator K is homogenous with respect to the dilations group
5, on RY thatis
K(u(dr2))(x) = N*[Ku(d)2)

for all suitable functions u, any A > 0 and every z € R".
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3 The Cauchy problem for Kolmogorov equations

Proof. It holds

K(u(6xy7)) = Ndiv(A[Vu](6r1)) + <5Ax, 5%3(5,\[Vu}(5w)>
= N [Ku](d\z),

since Ad,» = \?A and 01 B0y = \2B. O

Remark 3.1.3. (i) Underthe above structural assumptions on A and B the operator —0;
satisfies the Hormander rank condition. This will be investigated in chapter 6.1.

(i) It turns out that every linear partial differential operator K = div(AV) + (x, BV) for
arbitrary matrices A, B € RV*¥ | that is assumed to be homogenous with respect to
the dilations group 9, satisfies the above structural conditions in some sense. More
information and a proof of this statement can be found in [LP94, Section 2].

(iii) I can also be seen as the partial differential operator corresponding to an Ornstein-
Uhlenbeck process, i.e. if A is a symmetric positive definite and B an arbitrary matrix.
These operators are somehow related to the Kolmogorov equation. In [Lor17] these
non-degenerate partial differential equations are studied.

(iv) The results presented in this section are based on the articles [LP94] and [Pol95].
Some arguments are also inspired of the proofs for similar results for the heat equation
as can be found for example in [Eva10, Section 2.3]. Finally, some arguments are
based on [Lor17, Chapter 10].

3.1.1 The fundamental solution

We are going to derive a formula for the fundamental solution of (3.1.1). To simplify the
presentation of the fundamental solution, we introduce some notation.

Definition 3.1.4. We define the matrix-valued functions C, E: R — RY*" by
t
C(t) = / E(s)AE" (s)ds
0
and E(t) = exp(—tBT) forall t € R.

We are going to discuss some important properties of these matrix-valued functions. We are
going to write S > T (S > T for some matrices S, T € R” if S —T is positive (semi-)definite.

Lemma 3.1.5. For all ¢ > 0 it holds that C(¢) > 0.
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3 The Cauchy problem for Kolmogorov equations

Proof. Since A is positive semidefinite, we immediately conclude that the mapping ¢t —
(C(t)z, x) is a monotone non-decreasing function for every x € R™. We suppose that there
isat > 0andx € RY such that (C(t)z,z) = 0. The monotony implies that (C(s)xz,z) = 0
forall 0 < s < t. Since the integrand in the definition of C(¢) is nonnegative, we conclude
(Aexp(—tB)z,exp(—tB)x) = 0forall 0 < s <t. Thus, Aexp(—tB)z =0forall0 < s < t.
By definition of the matrix exponential function, we see that

(i(—l)k%ABk) =0 (3.1.3)

for all 0 < s < t. This shows that AB*z = 0 for all £ € N by equating coefficients. It is
N(A) = {z € RN | 2O = 0} and from straightforward matrix multiplication we deduce

AoBy---Byx® = 0forallk = 1,...,r. Since By, is of rank k and A, is symmetric positive
definite, we iteratively deduce z*) = 0 for all k = 1,...,r and thus = = 0. Consequently,
C'(t) is positive definite for all ¢ > 0. O

Let us now derive the fundamental solution. While the following calculations will only be
formal, we will later see that the formula obtained is indeed meaningful. Let v be a nice
solution of equation 3.1.1. We want to eliminate the drift term (z, BVu) in equation (3.1.1).
To do so, we define the function v(t, z) = u(t, exp(—tBT)z) = u(t, E(t)z) and calculate the
corresponding differential equation for v. It holds

O (t, ) = [Opu)(t, exp(—tB")z) — ([Vu(t,exp(—tB")z), B" exp(—tB")z)
= [0yu](t, exp(—tB")x) — (exp(—tB")z, B[Vu](t, exp(—tB")z))

as well as
N

Oy, v(t,x) = Z[@xsu](t, exp(—tBT)z) exp(—tBT)

s=1

and
N

O, 0, 0(t, ) = Y [02,0,u) (t, exp(—tB")x) exp(—tB")y; exp(—tB" )y

s,t=1

for all 4,0 = 1,..., N. Using the latter calculation and that exp(—tB)?T = exp(—tB7T), we
obtain

tr (exp(tBT)Aexp(tB)V*(t, z))
= Z exp(tBT);jAj1. exp(tB) (Vzv(t,exp(—tBT)x))H

i:jzkzlzl
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3 The Cauchy problem for Kolmogorov equations

N N
= Z Z exp(tBT);; A1, exp(t B )y [0, 0p,u] (t, exp(—tBT)x) exp(—tB")y exp(—tB")y;

i,7,k,l=1 s,t=1
N N

= Z Z exp(—tBT),; exp(tBT);; Ajp exp(tB)y exp(—t B)y; [0,,0,.u] (t, exp(—tBT)x)

= tr (exp(—tB") exp(tB") A exp(tB) exp(—tB)[V*u](t, exp(—tB")z))
= tr (A[Vu]) (¢, exp(—tB”)z)
= [div(AVu)](t, exp(—tB")x).

Piecing these equations together and using equation (3.1.1), we conclude

d(t,x) = [Ou)(t,exp(—tB")x) — (exp(—tB")x, B[Vu|(t, exp(—tB")z))
= [div (AVu)](t, exp(—tB")z) + (exp(—tB" )z, B[Vu](t, exp(—tB")z))
— (exp(—tB")z, B[Vu](t,exp(—tB")z))
= tr(exp(tB") Aexp(tB)V*v(t, z)).

This gives the following partial differential equation for v

Ow = tr(exp(tBT)Aexp(tB)V?v(t,z)), t> 0,z € R"
v(0,2) = f(x), r e R"™

Using Fourier transformation in the space variable on both sides of the differential equation,
we obtain the following differential equation for the Fourier transform © of v:

A~

{am(a §) = — (exp(tBT) Aexp(tB)E, €) 0(t,€), t> 0,6 € R”
5(0,€) = £(©). ceRrn

Making use of separation of variables, we see that this equation is solved by

i(t, &) = exp (— (C(1)€, ) f(£)

where C(t) = fot exp(sBT)Aexp(sB)ds. By a change of variable in the integrand, we see
that
exp(tB)C(t) ' exp(tBT) =C(t) . (3.1.4)

We recall that multiplication in the Fourier variable becomes convolution in the physical vari-
able. Therefore, we calculate

F 1€ exp (— (O, €))) (2)
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3 The Cauchy problem for Kolmogorov equations

_ ﬁ /R exp i (€,2)) exp (— (C()E,€)) de
B \/(47T)N1det C(t) /IRJQVXP <Z <C<t)%%’ y> P <_% ]y|2> w

B \/(27T)N1det C(t) o (_% <C’(t)_%a:, C(t)_5x>)
1

1 1
B V (2m)N det C(t) P <_Z <O(t> x,x>) ’

where we write C/(¢)~2 for the inverse of the square root of C/(¢). Here we have used the
fact that C'(t) is symmetric positive definite as seen by lemma 3.1.5 and equation (3.1.4).
Moreover we have used that exp (—31 ]y|2) is a fixed point of the Fourier transform. We
conclude that

v(t,x) = FH(0(t,))(x)

1 -1 _ *
— (277)1\7]: (§ = exp (—(C(1)§,6))) * f

B ¢<47r>N1det c) /]R P (‘i SUNCE y>) f(y)dy.

Since v(t, ) = u(t, exp(—tBT)z), we deduce

1 1 —1
ult.0) = e | e (< (€07 = B0 BOW) ) )

using equation (3.1.4) as well as det (exp(—tBT)) = 1.
Definition 3.1.6. The fundamental solution of 0;u = Ku with pole at 0 is defined as
['(ta, zo,t1,21)

_1 1
= ((47T)N det C(tg - t1>) 2 exXp <_Z <C_1(t2 - t1>(ZL‘2 - E(tz - tl)l‘l),ZEQ - E(tz — t1)$1>>
for to > t; and I'(tq, 2, t1, 21) = 0 for t5 < ¢;. We are going to write ['(¢,z) = I'(¢, x,0,0) for
every (t,z) € RV*L

Remark 3.1.7. Choosing f = ¢y, the Dirac measure in x = 0, we see that for all t > 0 it
holds
0(t,x) = div(AVI'(t,z)) + (x, BVI'(t,z)) .

To make this argument rigorous, we note that choosing f = 1 in above calculation, the
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3 The Cauchy problem for Kolmogorov equations

following arguments become immediately valid for ¢ > 0 and thus I'(¢, z) indeed solves the
given partial differential equation in (0, 00) x RY. Noting that '(¢, z, s,y) = T'(t — s,z — E(t —
s)y), we calculate

Ol (t—s,z—E(t—s)y) = [0 (t—s,z—E(t—s)y)—(E(t — s)y, B[VT](t — s,z — E(t — s)y))
and therefore deduce
ol(t,x,s,y) = div(AV,I'(t,z,s,y)) + (x, BV, I'(t,x,s,y)) (3.1.5)

forall t > s > 0. The same calculation for arbitrary functions « also shows the invariance of
K — 9, = 0 with respect to the left translation of the group (¢, z) o (s,y) = (t + s,y + E(s)x).

In the following part of this subsection we collect some interesting properties of the fun-
damental solution. These properties are going to be important throughout the remaining
chapters.

Lemma 3.1.8. Lett € R and =z € R, then
E(t) = WLy 1
()= (=1 (B (3.1.6)

and thus
|E(t)z| < t"c(B) ||

for all ¢ > 1 and a constant ¢(B) > 0. Moreover, it is
6, Btyy| < t73e(B) Iy
forallt > 1and any y € R".

Proof. Note that B is nilpotent of order » + 1 and thus B” is nilpotent, too. This shows equa-
tion (3.1.6). The first estimate follows by the triangle inequality. For the second inequality we
note that multiplying a matrix from the left with a diagonal matrix is equivalent to multiplying
all rows by the diagonal entries. Due to the structure of B, the highest order of ¢ appearing
in (5%(BT)’C is t~*2" . Therefore, tkéﬁ(BT)’“ is of order t—2. To visualize this, we consider
the case of r = 2, N = 3, mg = m; = my = 1and By, By # 0. It holds

0 0 0 ) 0 0 0
6.B"=|=B 0 0|ands.(BTY?=—| 0 00

i v i ’
I E\BIBT 0 0
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3 The Cauchy problem for Kolmogorov equations

The general case follows by straightforward matrix multiplication. ]

Lemma 3.1.9. The matrix C(t) satisfies the equation C(t) =6 ;C(1)d 4 for all £ > 0.

Proof. Using equation (3.1.6), we first show that it holds F(\%*t) = 5AE(t)5% forall \,t > 0.
It is

T tk T tk
BE(1)0y =Y (=156, (B")" 01 = > (-1 (6xBT651)"
k=0 ’ k=0 ’
_ - . kﬁ 2 pT\kF _ 2
=Y (=D (BT = BOv),

since due to the structural assumption made on B, we have §,B76,-1 = A\2BT. Lett > 0,
then it holds

t 1 1
/ E(s)AE(s)Tds = t/ E(st)AE(st)Tds = t/ 5\/{E(S)5%A5%E(S)T5\/zd$
0 0 0 k ¢
=0.4C(1)0 5
according to the identity 61 Ad. = 1 A. O
ViV

Corollary 3.1.10. For every A, > 0 it holds E(\*) = 6,E(t)d1.

Corollary 3.1.11. For all ¢t > 0 the determinant of C(¢) is given as det C(t) = t? det C(1).

Corollary 3.1.12. Introducing the constant ¢, = ((47)" detC(1)) 2, the fundamental solu-

tion of 9,u = Ku with pole at zero can also be written as

F(t27x27t17x1)
C 1
= —OQ exXp (—— <C_1(t2 — tl)(afg — E(tg — tl)l’l),fﬁg — E(tg — t1)$1>>
(t2 —t1)2 4

or as
F(t27 X2, tl) ':Cl)

Co 1 B
T -3 (_1 <C W0 (@2 = Blta = t)zn) 0 (@0 = Blta - tl)x1>>>

fort, > t; and F(tg,l’g,tl,l‘l) = 0forty <t.

Example 3.1.13. We want to calculate the fundamental solution of the Kolmogorov equation

ou+v - Vyu = Ayu. (3.1.7)
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3 The Cauchy problem for Kolmogorov equations

Note that in this case B is nilpotent of order 2 so that we have

E(t) = exp(—tB") = Idy —tB" = (tﬁ 13 ) : (3.1.8)

A straightforward calculation shows that

1 (6tldn 3t2 Idn)

Clt) =5 | 32 Id, 231d,

G

for all t € R. From this we calculate det(C(1)) = 12~™. Making the ansatz that the inverse of
C(t) is once again a block matrix, we deduce

1 [4t?1d,, —6tId
Cl(t) == ! "
(*) t3 (—6t Id,, 121Id, )
Letx € RN and ¢t > 0, then
V3" Iy o2z 3, 3 (12

Let us compare this expression with the one Andrej Kolmogorov obtained in his paper
[Kol34]. He stated the fundamental solution in the case n = 1 and (v, z) € R? as

- 2 3 v)?2 2 2
r(t,x):%e)q)(_“__ (x+2)>:2\/§exp<_v_+3ﬂ_3i)'

mt? At t3 t 12 t3

We see that his formula actually coincides with the one presented here up to a multiplicative
normalization constant.

Lemma 3.1.14. Forallt > s > 0 and every z € R" it holds
/ ['(t,x,s,y)dy = 1.
RN

Proof. It holds

s}

/RN [(t,x,s,y)dy = (t_C—OS)Q /RNexp (—i (CHt—s)(x—E(t—s)y),z— E(t - 8)y>)dy

_ ﬁ /RN exp (—i (CYt - 5)z,2 >> dz,

since det(E(t — s5)) = e"(=9)B") — 1. Therefore, we conclude by lemma 3.1.5 together with

O
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3 The Cauchy problem for Kolmogorov equations

lemma B.0.5

/RN L(t,z,s,y)dy = @_C—Os)g /]RN exp (—i (CHt - s)z, z>) dz

S v/ det(4rC(t — 5)) = 1
(t—s)2

by corollary 3.1.11. ]
Lemma 3.1.15. Foreveryt > s > 0 and any z,y € R" it holds I'(t, z, s, y) > 0.

Proof. This follows immediately from the positivity of the exponential function. O

Theorem 3.1.16. For every sequence t,, — 0 it holds that the sequence (I'(ty,-,0,"))ken
is a generalized Dirac sequence. In particular, the sequence (I'(ty,-,0,0))ren is @ Dirac
sequence.

Proof. 1t follows from lemma 3.1.15 that this sequence consists of nonnegative functions.
Moreover, by lemma 3.1.14, each function is integrable in the second argument with integral
equal to one. It remains to validate condition (i)’ of definition A.3.1. Let § > 0, z € RY,
z, — z and K € N such that |z, — z| < § for all k > K|, then

/ I'(tg, 75, 0, y)dy
RN\Bj;(x)

_ C_g exp (_i <c—1(1)5  (zh — E(tr)y), 01 (xp — E(tk)y)>> dy

t2 JRNBs() Vi

Co 1
< — exp<——)\ <51$—Ety,51 x—Ety>)dy
ol AR N ﬁ( k= E(te)y), 0 (zr — E(tr)y)

§

§

for a constant A\; > 0, since C~'(1) is positive definite.

To estimate further, we need to control the term in the exponential function. We let ¢, € (0, 1)
such that |z, — E(—t;)z| < & for all ¢, € (—to,to) and any k > K. Such a t, exists, since
the map RV — RY, (¢,2) — E(t)z is uniformly continuous on compact subsets of RY. If
ly — x| >4, |z — x| < £ and ¢, € (0,t,), we deduce

26
ly — x| <y — BE(—tp)zp| + |E(—tp)zr — 2g| + |zp — 2] < 3+ |y — E(—tg) g
2
< 3 ly — x|+ |y — E(—tr)xs
and conclude

1
—ly — E(—te)zi]* < gl zf*.
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3 The Cauchy problem for Kolmogorov equations

In particular, there is a K > K such that ¢;, < t, and
2 1 2
—ly = E(=te)ax]” < =5 ly — 2|

for all k > K. Using corollary 3.1.10 with A = \/—% we deduce

(0 4. (on = B0y (or ~ E(tn) )

(Bt 1))
(Bt~ ))

&
i

-

(
= <E<1)5\%(E(—tk)xk —y), E(1)6
(

(1)TE(1)5ﬁ(E(_tk)xk —y),0

3

2
> Moty @ [(E(—t)zy, — )|

5%(E(—tk)xk )

for some constant \, > 0, since E(1)" E(1) is positive definite and #;, € (0, 1).

The latter two estimates combined show
A A
/ ['(tg, 25, 0,y)dy < C—g exp | — ! Q2 ly — x|2 dy
RN\Bj(x) t2 JRN\Bs(0) 361

* _Q
< cl/ t, > exp (—;—57‘2) rNldr (3.1.10)
4 k

for some constants ¢;,¢; > 0 and all t, € (0,%). The integrand in equation (3.1.10) con-

Q
verges pointwise to 0 as & — oo. Moreover, since (6,00) — R, r — t, 2 eXp<—CQt;Q§)

is bounded independently of £ € N the function r — c3 exp(—c2§)er—1 is an integrable

majorant for some constant ¢, > 0. An application of the theorem of dominated convergence
shows that

lim C(tg, 2k, 0,y)dy =0
F00 JRN\ B (x)

as k — oo. O

Lemma 3.1.17. The fundamental solution corresponding to ¢t; = 0 is a Schwartz function, i.e.
I'(t,-,0,y) € Sforallt > 0andany y € R". Moreover, it holds T'(-,-,0,y) € C*((0,00) x
RY; RM).

Proof. For every t > 0 and any y € RY the function = — T'(,z,0,y) is infinitely often
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3 The Cauchy problem for Kolmogorov equations

differentiable. Moreover, it can be seen by an induction argument that every derivative is
given by a polynomial multiplied by the exponential function of a polynomial in x. This is the
reason which implies I'(¢,-,0,y) € S. To obtain the differentiability for positive times, we note
that by lemma 3.1.9, the term appearing in the exponential is a rational function in ¢ with pole
0. ]

Lemma3.1.18. Let T > 0,0 < t; < ty < T and z1, z2 € R", then
1
Vi, (2, 22, t1,21) = —5671@2 —t1)(z2 — E(ta — t1)x1) (2, x2, t1, 21).

Moreover, there is a constant ¢; = ¢1(7T") > 0 such that

1

[V, T (t2, o, t1, 21)| < (ts — £1)2r+1

['(ta, wa, t1, 1) |w9 — E(ty — t1)x1]
forall0 <t; <ty < T andany z;,z, € RV.

Proof. The formula for the gradient of the fundamental solution follows by chain rule, recalling
that

V (Sz,z) = 2Sx

for any symmetric matrix S € RV*N. Let 0 < t; < t, < T, then t, — t; < T and therefore
(ty —t1) "1 < ¢ (ty —ty) 2t forall k =0,...,r and some constant ¢, = ¢,(T) > 0. We
deduce

1

[V (t2, 22, 1, 21)] < 3 CH(ta — t1) (w2 — Bty — t1)m1)| [D(t2, w2, b1, 21))|
1
=—|l0_+_ CH1)5_L ['(ta, w9, t1, 1) |29 — E(ty — t1)x
5 |0 € (0 (| Tty 22ty 21) [0 = Bt — 1)1
alict @)

IA

2ty — gy el (2Pt n) |72 = B(ts —ta)aa] 0
2— 10

We introduce the formal adjoint of IC — 9,, given by
(K —0,)" =K' 4+ 0, = div(AV) — (x, BV) + 0.
Proposition 3.1.19. Let ¢, > 0 and =, € RY, then
(K — 8,)" T (to, o, -, )] (t, ) = 0

forallt < ¢ty and any z € R".
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Proof. We are going to show the claim first in the case that ¢, = 0 and x, = 0. The equation
for the formal adjoint of (KX — 97)7 is equivalent to the equation

Oru = —div(AVu) + (z, BVu).
Using the substitution v(¢, x) = u(—t, =), we transform the latter equation to
Ow = div(AVv) + (x, (—B)Vw).

We have already calculated that the fundamental solution with respect to the coefficients A
and — B solves this equation. Keeping in mind the substitution u(¢, ) = v(—t, z), we deduce
that the function « defined as

ult, ) = ((4W)N det CN(—t)>_é exp (-i <él(—t)x,x>>

for t < 0 and x € RY, solves the adjoint equation (KX — 9;)T = 0. Here C denotes the
matrix-valued function C from definition 3.1.4 with respect to the matrices A and —B. Using
an argument similar to equation (3.1.4), we deduce

ult,z) = ((47T)N det é(—t))é exp (-}l (€Y (—t)(E(~t)x), E(—t)x})

=1Y0,0,t, ),

where C and E denote the matrix-valued functions with respect to A and B. The general
case follows by an argument similar to that presented in remark 3.1.7. ]

3.1.2 The classical Cauchy problem

Theorem 3.1.20. For every f € Cy(RY) and any T > 0 there exists a unique classical
solutionu € C([0,00) x RY) N C*2((0,00) x RN) which is bounded on [0, T] x RY solving
the Cauchy problem

(3.1.11)

{atu(t,m) = div (AVu(t,z)) + (x, BVu(t,z)), t>0,2z € R"
u(0,z) = f(x), xz € R".

Furthermore, it holds

sup [[u(t, ) floomy < [ fllooma-
>0
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The function v can be written as
uta) = [ Tlt.0.9)1w)dy 8.1.12)
RN

for every t > 0 and x € RY. This defines a semigroup (T (t))0 on Cy(R") given by
[T(t)f](x) = u(t,x) for any f € Cy(RY).

Proof. Let us start with the existence of classical solutions. Let u be defined as in (3.1.12)
for t > 0 and u(0,z) = f(x). Then by lemma 3.1.17 and interchanging differentiation and
integration, it holds v € C((0,00) x RY) N C'?((0,00) x RY). Recalling remark 3.1.7, we
deduce that u solves the partial differential equation in (0,00) x R™. Further, by lemma
3.1.14, we have

sup ut, )l oomy < / D (¢, 2,0, )yl f oo = |1 oo
>0 RN

We show that u continuously attains its initial value. Let x € R”, t, — 0 and x;, — x, then
by theorem 3.1.16, the sequence (I'(¢x, -, 0, ) )xen defines a generalized Dirac sequence. By
proposition A.3.3, we conclude that u(ty, zx) — f(x). This shows that v € C([0,00) x RY) N
C12((0,00) x RY). It remains to show that bounded classical solutions are unique. Let
T > 0. By linearity, it suffices to show that if f = 0, the solution is equal to 0 for all ¢ € [0, T7].
We are going to show that « < 0in [0,7] x R™. The same argument can be repeated
with —u to deduce v > 0 and thus v = 0. We want to apply the maximum principle from
proposition 2.1.1. To do so, we choose the coercive and nonnegative function ¢(z) = |z|?
and \o = 2 || B||. It holds

Ko = tr(A) + 2 (z, Bx) < tr(A) + Ao |z

and since u is bounded, we also know that

u(t, )

limsup sup = 0.
|z|—o00 t€[0,T] 90('1')
Proposition 2.1.1 implies u < 0. This shows the uniqueness of bounded solutions. O

Remark 3.1.21. By making use of Duhamel’s principle, one can also show existence of
solutions to the non-homogenous problem. We omit an implementation of this technique
and refer to [Eva10, Chapter 2, Theorem 2] for a presentation of an analog situation, the
heat equation. These calculations can be transferred to the Kolmogorov equation.

We are going to show that uniqueness of solutions for (3.1.11) holds also in a wider class of
functions than in the class of bounded classical solutions. This statement is proven in [Pol95]
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for variable coefficients. For the sake of simplicity we mimic these arguments in the case of
constants coefficients.

Theorem 3.1.22. Letu € C([0,T] x RY) N CY2((0,T) x RYN) be a classical solution of the
Cauchy problem (3.1.11) for f = 0. If

T
/ / exp(—c|z|?) [u(t, z)| dzdt < oo
o JrN

for some constant ¢ > 0, thenu = 0.

Proof. Using the product rule, we obtain the following Green-type identity
(K — 0)u — u(KT + 0,)v = div(vAVu — uAVv) + (z, BV (uw)) — 0y(uwv).  (3.1.13)

Let zo € RY. For R > 0 we introduce the cutoff function ng(z) = n(R~! |z — x¢|), where 7 is
the one dimensional cutoff function defined in section A.3. As seen in lemma A.3.6, it holds
supp(Vngr) C Bar(xo)\ Br(zo) and |Vnr| < ¢y R~ for some constant ¢; > 0. Consequently,
as we have often used in section 2.2, it is |[Ynr| < ¢, for some constant ¢; > 0. Moreover,
if R > 1,itis [K"ng| < c; for some constant ¢c; > 0 independent of R > 1. Let ¢, € (0,7)
and § € (0,ty), then, by integrating the Green-type identity (3.1.13) for the solution v and
v(s, &) = nr(§T(to, xo, s,&) over (0,19 — &) X Bar(xp), we obtain

to—0 to—0
/ u(K — 0,) vdéds = / /le (vVAVu — uAVv) + (£, BV (uv)) — Oy (uv)déds
B

BZR (xo) 2r(70)

= _/ ( )U(g,to — 0)nr(&)L (o, xo, to — 6, £)dE
Bagr(zo
+ / u(0, -)nrl(to, zo, -)d§
Bar(zo)

to—0
+ / / (VAVuY — uAVv, &) dS(€)ds
0 8323 I‘O)

to—0 /
[ [ e B uas©s
0 0Bar(%0)

since (K — 0;)u = 0 and by using the divergence theorem. Furthermore, the last two terms
are zero, since ng = 0 on dBsr(x). The term third from last is zero, due to the assumption
u(0) = 0. Let e > 0, then, due to the continuity of u, there is a ' > 0 small such that
[u(&,to — 0)nr(€) — u(we, ty)| < e forall § < & and all ¢ € RN such that |z, — &| < ¢
The equation T'(tg, xo,to — 6,&) = TI'(d,x0,0,&) shows that we can use proposition A.3.3
for the bounded sequence of functions u(&,ty — 0)nr(§), the constant sequence x, and the
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generalized Dirac sequence (I'(d, -, 0, -))s>o to deduce

u(to, xg) = //Bmxo YK — 0) v(s, €)déds

by taking the limit 6 — 0™ in the latter equation. Proposition 3.1.19 implies
(’C — 8t)TF(t0, Zo, -, ) =0

and thus

u(to, xg) = /to /B unr(KK — 0) T +ul' (K — 9,)"nr + 2u (AVng, VeI (to, zo, 5, €)) déds
2R

-/ ! /B UK + 2u AV, Vel (tg, 70, 5, €)) déds,

2R

since Vg = 0 on Br(xg) and suppng C Bar(xo). We estimate by lemma B.0.6

[u(to, 20)] < /Oto /B (T ] 4 214, VT (0.5, 8))) I e
2r(20

to
<[] (el 2 AN Vel Ve a0, €)) ] s
Bar(20)

1
/ /32R (20) <1+_t—)2r+1\ o—E(to—s)f\)Fyumgds

/ /BzR (x0) <1 Tl —sypH (to — )2”“ vl + a1 (to )2r+1 [E(to — )| ‘f’) ' u| déds
1 €]
= 06/0 /BR(SEO)C (1 " (tO - 5)2T+1 i (tO — 3)2T+1) F(t[)’wo’ 375) ]u(s,f)] déds

for constants c4, c5,c > 0 independent of R > R(z), since supygjo ) I1E(to — s)|| < oo.
Using the estimate from lemma B.0.6, we get

|u(to, zo)|

Q 1 |§| Cg 2
< 07/ /BR(xo ¢ ( tO - S)QT—H + (tO — S)2T+1> exp <_ (tO o S) |§| ) ‘U’<S7£)‘ d£d8

for constants ¢7,cs > 0, a possible reduction of ¢, < ¢; and R > R(z(). We choose
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e =min (1, £,¢) > 0 and note that it holds

) 9¢?

sup L (1 + ! + €l ) exp (—L |§|2) < 00
sel0to), €685 (x0) 15 (to — )t (to — s)**! 2(to — )

independently of R > R(x), whence

fo Cs 2
mwﬂMS@A.émwwpﬁagjgm)m@omws

for some constant cg > 0 independent of R > R(x,). Consequently, due to the choice of
to < e, we deduce

uttoanl <es [ [ e (el ats, 9 acas

for all R > R(x(), where c is the constant given in the assumption. By assumption, the inte-
gral on the right-hand side is finite for & = 0. This shows that the right-hand side converges
to 0 as R — oo. Consequently, u(ty, 7o) = 0 and hence u(t,z) = O forall (¢,z) € [0,&) x RY.
To conclude, we divide [0, T'] into finitely many equal parts of length smaller than . Applying
the proven result on each of these intervals successively shows the claim. O

We highlight the fact that the uniqueness classes are the same uniqueness classes that are
known for the heat equation. Using the last theorem, one can show the following uniqueness
theorem by proving a representation inequality for nonnegative solutions in terms of the
fundamental solution.

Theorem 3.1.23. Every nonnegative solution 0 < u € C([0,T] x RN) N C2((0,T) x RYN)
of the Cauchy problem (3.1.11) with f = 0 is identical zero in [0, T] x RY.

Proof. [Pol95, Theorem 3.2] O

A consequence of the latter theorem is the following representation theorem for nonnegative
classical solutions.

Theorem 3.1.24. Letu € C([0,T] x RY) N CY%((0,T) x RY) be a nonnegative solution of
the Cauchy problem (3.1.11), then

u(t,x) = /IRN L(t, z,s,y)u(s,y)dy

holds forallt > s > 0 and z € RV.
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Proof. [Pol95, Corollary 3.1, Proposition 3.2] ]

3.1.3 The Cauchy problem with initial data in L?(R")

Theorem 3.1.25. For all p € [1,00) the restriction of the semigroup defined by (3.1.12) to
C(RY) can be extended to a strongly continuous semigroup (T (t))>o on L*(RY). More-
over, for every f € LP(RY) it holds

T = [ T(t2.0.0) )y (8.1.14)

for allt > 0 and every x € RY. Further, (T(t)):>o iS a contractive semigroup.

Proof. We want to write the semigroup 7'(t) as the composition of two operators. Let us
introduce the group S(¢) on LP(RY) defined by [S(¢)f](z) = f(exp(tBT)z) for all z € RY
andt € R. Fort > 0 and f € C>(RY) we further define

Guflla) = 5 [ e (<5 €07 @ = 0o =) ) S0y = (1) + o). (3119
So forevery f € C°(RY) we have T'(t)f = Gy o S(t)f.

Let us examine the group S(¢) first. If f € C>°(RY), it holds [|S(¢)f — flleory — 0ast — 0.
Let |t| < 1, then there is a ball B ¢ RY such that supp S(¢)f C B for all |t| < 1. This shows
the convergence || S(t) f — f|l,rv — 0fort — 0. It holds

1S FI15 g =/ !f(eXp(tBT)x)Ipdl’Z/ F@) dy =[£I, m (3.1.16)
RN RN

since det(exp(—tB”)) = 1 for all ¢ > 0. By the equicontinuity lemma B.0.7, we deduce that
lirrolS(t)f = fforall f € LP(RY).
—>

Lett > 0and f € LP(RY), then

1Gefllper = ITCE ) * fllpry < T ) lugn | f o ey = [1f[lpry

by Young’s inequality together with lemma 3.1.14. To conclude, we note that by theorem
3.1.16 it holds that (I'(¢, -))s~¢ is @ Dirac sequence and therefore ||G.f — f|l,zrv = ||I'(t, ) *
f— fll,my — 0 ast — 0 by proposition A.3.4. Using the equicontinuity lemma B.0.7,
we deduce lim; o T'(t)f = fin LP(RY) for any f € LP(RY). Since C=(RY) is dense in
LP(RY), the semigroup is indeed the unique extension of the semigroup defined in equation
(8.1.12) restricted to C>°(RY). O
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Proposition 3.1.26. Let us denote by 7'(t) the semigroup defined in equation (3.1.12) on
LP(RY) or Cy(RY). It holds

(i) T(H)1 =1,
(i) T(t)S(RN) c S(RY),
(iii) T'(t

forallt > 0.

) =0

Proof. Property (i) is an immediate consequence of lemma 3.1.14. The second property
can be seen by taking the Fourier transform in the space variable and noting that S is in-
variant under Fourier transform. The third property is a direct consequence of the fact that
['(t,z,0,y) is positive.

O

Remark 3.1.27. It remains to investigate the generator (K,, D(K,)) of T'(¢) in LP(RY). In
the nondegenerate case, i.e. if A is symmetric positive definite, one can show that the
generator is given by the differential operator IC,u = div(AVu) + (u, BVu) with domain
D(K,) = {u € W*(RY) | K,u € LP(R")} for p € (1,00). A proof of this statement can be
found in [Lor17, Section 10.4] and in [Met01]. The crucial arguments therein are based on
the ellipticity of the diffusion matrix A. Using the results from section 2.2, the next theorem
gives a first step towards a characterization of the generator in the degenerate case.

Theorem 3.1.28. Forp € (1, 00) the domain of the generator IC,, is given by
D(K,) = {u € LP(RY) | K,u € LP(RN)}

where K,u is interpreted in the distributional sense. In particular, (C>*(R"), K,) is a core of
the generator.

Proof. One can show that the Schwartz functions S are a core of (K,, D(K,)). The idea
for this proof can be found in [Met01, Proposition 3.2]. More rigorous arguments in a similar
situation are provided in [Ott17, Theorem 3.2]. We note that in both cases the statement is
proven in the nondegenerate case. However, in each proof only the definiteness of C(¢) is of
importance. So that one can transfer these arguments to the degenerate case. The theorem
is then the consequence of theorem 2.2.16 and lemma A.1.2.

O]
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3.2 Kolmogorov equations with variable diffusion
coefficients

3.2.1 A semigroup approach

In this section we are going to present a result on well-posedness of a class of Kolmogorov
equations with variable coefficients based on the methods presented in section 2.2. We
consider the differential operator

Ku = div(A(z)Vu) + (x, BVu) (3.2.1)

where B € RV*" is a constant matrix and A € C*(R"; RV*¥) with bounded second deriva-
tives such that A(z) is symmetric positive semidefinite for all z € RY. Let p € (1, 00), then
the maximal realization is the operator K,u = Ku with domain D(K,) = {u € L?(R") | Ku €
LP(R™)}. The results obtained in section 2.2 lead to the following theorem.

Theorem 3.2.1. The operator (K,, D(KC,)) is the generator of a quasicontractive and positive
Co-semigroup T'(t). In particular, there is an w € R satisfying

1T() fllprr < exp(wt)]| flpr

forallt > 0 and all f € LP(RY). (K,C>(RY)) is a core of the generator. Moreover, for
every f € LP(RY) there exists a unique weak solutionu € C([0, 00), LP(RY)) of the Cauchy
problem

atu = leu, t Z 0
(3.2.2)

u(0) = f.

If additionally f € D(IKC,), thenw is a strong solution. The semigroup is positive so that if f >
0, it holds u(t) > 0 for allt > 0. Finally, the space W?(RR") is an invariant set of T'(t) and
there is some nonnegative constant v such that it holds ||T'(t) f|l1,ry < exp(Yt)| fll1pr>
for every f € WHP(RY) and any t > 0.

Proof. It suffices to show that the coefficients satisfy the assumptions (A1) and (A2). As-
sumption (A2) and the condition on the diffusion coefficients are trivial. Note that our drift
term (z, BV) only grows linear in z so that it is admissible, too. O

Remark 3.2.2. We want to comment that it is allowed that the diffusion matrix may vanish
and thus K can also be the first order kinetic transport operator. The reader, who is already
familiar with the concept of hypoellipticity, in particular the results from section 6.1, may won-
der why this assumption, i.e. the structural properties on the diffusion matrix and the drift
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matrix were not assumed in this section. One might be tempted to think that under the hy-
poellipticity assumption one could remove the part in section 2.2, where one performs the
elliptic regularization to simplify the proof of the generator property. While hypoellipticity pro-
vides us with smooth solutions and local estimates on the L? norm, it does not provide global
bounds as for example obtained in proposition 2.2.8. We refer to [RS76] for more informa-
tion on these local L” estimates. Furthermore, to use the theory of hypoelliptic operators
one would need to assume that the coefficients were in C°.

3.2.2 Irregular diffusion coefficients

In this section we are going to review a result from [BL08]. Therein the authors prove ex-
istence and uniqueness of weak solutions to Kolmogorov equations with variable diffusion
coefficients under the assumption of linear growth and Lipschitz continuity. Let n € N and
N = 2n. We consider the Cauchy problem

Owu(t,v,z) +v - Vyu(t,v, z) = div(AT (v, 2)A(v, 2)Vu(t,v,x)) t>0,(v,z) € R™
uw(0,v,2) = f(v,x) (v,z) € R*™

(3.2.3)
where A: RY — RM*V is a measurable map and f € L?> N L>*(RY). Given T > 0, a
weak solution is to be understood as a function p € L>([0,T]; L? N L=(RY)) satisfying
AVu € (L*([0,T); L*(RY)))™ such that

udypd(v, x)dt — fe(0,-)d(v, x) u(t, v, x) (v, Vo) d(v, z)dt
s o L
—/ /RN (AVu, AVy)d(v, z)dt (3.2.4)

for all ¢ € C>([0,T) x RY). The authors of [BL08] prove the following theorem.

Theorem 3.2.3. Letm € N and A € (W,;”(RV)) M such that
1L+ o))" A e (L2(RY).
In this case there exists a unique weak solution of equation (3.2.3).

Proof. This is a special case of [BL08, Proposition 1]. Note that we choose b(v, z) = (0,v)
so that divb = 0 and clearly (1 + |(v, z)|)~*b € L>=(R™)N. O
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3.3 Kolmogorov equations on (bhounded) domains

3.3.1 Bounded domains in velocity and position

In this section we are going to investigate how the theory presented in section 2.3 can be
applied to the equation
ou—+v-Vyu=Au+nh (3.3.1)

on a bounded domain Q = (0,7) x € for a suitable inhomogeneity . Here  C RY is
an open and bounded set with piecewise smooth boundary. Let us calculate the sigma
partition of the boundary. To do so, we denote by n = (n,, n,) the outer unit normal on 0f2.
Furthermore, the Fichera function F'is given by

F(v,z) = (v,ng)

so that
X7 ={(t,v,x) € 3,Q | [noll = 0}

and therefore
Y ={0} x QU (0,7T) x {(v,2) € 9Q| ||n.|| = 0and (v,n,(v,z)) < 0}

as well as
S0 =(0,T) x {(v,x) € 9| |Iny(v,z)]| # 0}.

To apply the theory of section 2.3, we need a strictly negative zeroth order. To fix this
problem, we introduce the equation

ow~+v-Vyw+ Aw=Aw+ h

instead. If w is a solution of the latter equation, then u = exp(—At)w solves the Kolmogorov
equation, at least formally. One might say that this is merely a technical problem. We want
to investigate two examples.

Example 3.3.1. (i) Let us consider the rectangular set 2 = (—1,1) x (—1,1) C R As
noted before, to apply the theory of Fichera, it suffices that {2 has piecewise smooth
boundary. The boundary of {2 can be decomposed as

00 = (L DL ) UL -D)U(L-)(-L-Hu(-1,-1)(-L1) = JD.
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In the interior of each of these lines D, the outer unit normal n; is given as

s ()

fori = 1,...,4, where S € R**? denotes the matrix representation of the clockwise
rotation by 7. The Fichera function is given by F' = vn,, where n, denotes the x
component of the outer unit normal n. We recall that for the sigma partition of 9, we
are only interested in the interior points of the lines. Consequently, we calculate

ST ={0} xQU(0,T) x {(v,r) € R? |z = 1,v € (—1,0)}
U(0,T) x {(v,z) e R* |z = —1,v € (0,1)}

and
Y =(0,T) x {(v,z) €00 |v e {~1,1},z € (—1,1)}.

Figure 3.1: The partition of the boundary for the Kolmogorov equation on (—1,1)?

The dotted lines in figure 3.1 are the part of the boundary where we are not allowed to
prescribe boundary values.

(i) Let us investigate the case 2 = B;(0) C R2. For every (v,z) € 9B;(0) the outer unit
normal is given by n = (v, z). Therefore, it holds

¥ = {(v,2) € B1(0) | n, = v = 0},

whence
¥ ={0} x Q
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Figure 3.2: The partition of the boundary for the Kolmogorov equation on 9B, (0)

and
X5 =(0,7) x {(v,x) € 9B1(0) | v # 0} = (0, T) x (9B1(0) \ {(0,1), (0, =1)}).

The figure 3.4 shows the partition of the boundary in this situation. The only two points
where we are not allowed to prescribe boundary values are marked by circles.

In both cases of the previous example we are able to apply theorem 2.3.2 to deduce the
existence of weak solutions in the sense of definition 2.3.1 for zero initial value and homoge-
nous boundary values on the set (0,7") x (X_ U X.). Let us give a physical interpretation
of the situation in the two mentioned examples. In the case of the rectangular domain the
Kolmogorov equation describes the evolution of a particle on a one dimensional line with
position x € (—1,1) and velocity v € (—1,1). Let us suppose that at a time ¢ the particle is
at the boundary part >_, then due to the sign of velocity v, the particle is moving inwards.
Thus, one can say that the boundary condition « = 0 on 7 describes that there is no influx
of particles. In the second case we can keep the interpretation of a moving particle but now
the attainable velocity of a particle at position x is bounded by ++/1 — z2.

A more physical intuitive model would be to let the particle attain any velocity and only bound
the domain of the position of the particle. In this case the domain of the partial differential
equation is not bounded anymore and therefore we cannot apply the theory of Gaetano
Fichera. We are going to see in the following section that one can prove existence of weak
solutions under less restricted conditions on the boundary. Furthermore, we are also going
to consider non-homogenous boundary conditions.
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3.3.2 Particles in a bounded domain with arbitrary velocities

As announced in the previous section we are going to restrict only the domain of the space
variable x and not the velocity variable v. From the physical point of view this seems very
intuitive. Recalling the interpretation of moving particles, it makes sense that these particles

Figure 3.3: Movement of particles in a bounded domain

should be able to attain arbitrary velocities. The Kolmogorov equation then describes the
evolution of multiple particles in a region given by a bounded set 2 C R™ with velocities
v € RY. To be more precise, letn € N, N = 2n, T > 0,5 > 0 and Q Cc R" an open,
bounded and smooth set. Let us denote by n(x) € R" the outer unit normal onto the
boundary of Q2 in z € 0f). Given x € 012, we define the sets

X1 ={veR"| £ (v,n(x)) >0}

and ¥ = {(z,v) € 9QxR" | v € X% }. Further, we introduce the sets Q7 = [0,T) x 2 xR",
¥ = (0,T) x 1 and X7 = (0,7) x 992 x R™. Given a suitable function f, we are going
to denote by ~. f the trace on ©Z and by ~f the trace on 7. We will come back to the
traces on these sets at a later time. Using this notation, we are interested in the existence
and uniqueness of appropriate weak solutions of

ou+v-Voyu+u=cAu+h, t>0x€Q,velR"
u(t,v,z) = g(t,v,x), (t,v,7) € X1 (3.3.2)
u(0,v,2) = f(v,z), reQueR”
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for appropriate functions f, g and constant A > 0. It turns out that a suitable class of functions
to describe the boundary function g is given by the sets

(31 = {f: ¥1 — R measurable

p21

/T If1? [{v,n(x))| dS(x)dvdt < oo} ,

equipped with the norm |\f||p721 with respect to above measure. Boundary conditions of the
above type are called absorbing boundary conditions. Basically, they prescribe the inflow
of particles at the boundary. This can be clarified by looking at figure 3.4. Let z € 0f) and

Figure 3.4: The partition of the boundary at = € 0f).

v € RY such that (v, n(z)) < 0. Such velocity vectors correspond to the lower semicircle in
figure 3.4. They describe a particle at the boundary of €2 with inward pointing velocity vector.
For example, if ¢ = 0, there is no influx of particles. We note that the behavior of particles
with outward pointing velocity, i.e. velocities in the upper semicircle in figure 3.4, is not fixed
in the Cauchy problem (3.3.2). This is similar to the theory of Fichera where we weren’t
allowed to prescribe the outflow neither.

Another type of boundary conditions would be the so-called reflection-type boundary condi-
tions where the quantities of inward and outward moving particles are set into relation by an
equation of the form

v f(tv,z) = / R(t,z;v,v")v, f(t, 0, x)dw.
x3
The kernel R(t,z;v,v") is the probability that a particle striking the boundary in the point x

at time ¢ with velocity v is reflected with velocity v'. A special case is for example specular
reflection which leads to

’V—f(tﬂ]?x) = 7+f(t7v —2 <U7 n(ac)> n(x), x)dv
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3 The Cauchy problem for Kolmogorov equations

This section is based on the article [Car98] where the author uses the result to show ex-
istence of weak solutions to the initial and boundary value problem of the Vlasov-Poisson-
Fokker-Planck system.

We are going to show existence of weak solutions in the Hilbert space setting. We denote
by Su = 0,u + v - V,u the kinetic transport operator. Further, we introduce the Hilbert space

H={ue L*(Qr)| Vou € L*(Qr)}

equipped with the scalar product (f, g) ; = (f, g>L2(QT) +(V,f, va>L2(QT;RN) and the sub-
space
T={ueH: du+v-VyuecH'}

with the prehilbertian scalar product (f, g) = (f. 9); + (Sf, Sg) . sothat S: T — H'.

Definition 3.3.2. Let 7' > 0, A > 0, h € L*(Q7), g € L*(XT) and f € L*(2 x R™). We calll
a function u € 7 a weak solution of (3.3.2) if for all ¢ € C*(Qr) with ¢ = 0 on X%, then it
holds that

/ —ulpp — uv - Vy + oV,uVpdodedt

Qr

= / hodvdazdt + / fe(0,-)dvdx + / g [{(v,n(z))| dS(z)dvdt.
T QxR™ =T

Remark 3.3.3. Note that since Qr = [0,T) x Q x R", the functions ¢ € C>(Qr) can also
attain values for ¢t = 0 and = € 92 so that the assumption ¢ = 0 on X is nontrivial.

The following theorem, which is due to Jacques-Louis Lions, will help us to show the ex-
istence of weak solutions. This theorem can be seen as a generalization of the classical
Lax-Milgram theorem. The presented version of this theorem and its proof are taken from
[Lio61, Chapter IIl, Theorem 1.1].

Theorem 3.3.4. Let (H,(-,-),) be a Hilbert space with induced norm || - ||. Consider a
subspace F' C H equipped with a prehilbertian scalarproduct (-, -) . such that the injection
of (F,|| - ||r) into (H, || - ||) is continuous. Given a bilinear form a: H x F' — R such that

(i) forall p € F the map a(-, ) is continuous on H,
(ii) there exists a constant o > 0 such that a(y, ©) > a ||¢||% forall o € F.

Then for every L € F' there exists a vector u € H such that

a(u,p) = L(p) Ve € F. (8.3.3)
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3 The Cauchy problem for Kolmogorov equations

Proof. Let ¢ € F, then due to assumption (i), the mapping v — a(u, ¢) is continuous in H.
By the theorem of Riesz-Fréchet there is a unique K¢ € H such that (u, Ky), = a(u, )
for all w € H. Moreover, the map K: F — H, ¢ — K is injective. Indeed, if K¢ = 0, it
follows

allely < la(e, )| = (K@, )y =0

and thus ¢ = 0. Consequently, K: F' — R(K) is bijective. Let ¢ € F so that K¢ = ¢ €
R(K), then

2
allpllp < lale, o)l = (e, Ke)yl < llolly 1K¢lly < Cliels [ Kelly

for some constant C' > 0, since I’ — H continuously. This shows that the inverse function
K=': R(K) — F is bounded. We may therefore uniquely extend K~ on the closure of
R(K) with respect to ||-[|; with values in the completion F' of F with respect to ||-||.. L

L € F’ then L is uniquely continuously extendable to F. Let ¢ € F such that

(0, &) p = L(p)

for all ¢ € E". We denote by P the orthogonal projection on R(K) C H with respect to (-, Yy
and define the map K,' = K~'P: H — F. Let us denote by (K,'): I’ — H the adjoint
operator. We claim that u = (Kp‘l)’f € H is a solution of equation (3.3.3). Indeed, let p € F',
then

a(u, ) = (u, Ko)p = (Kp")§, Ko) p = (& Kp' Ko)p = (§,0)p = L)
O

Remark 3.3.5. We note that theorem 3.3.4 does not make any statement about the unique-
ness of the solution w. It holds that « is unique if and only if R(K) is dense in H. In fact, if
R(K) is dense and u,v € H are two solutions, it follows that (u — v, Kp) = 0 forall ¢ € F
and therefore ©« = v. Moreover, if we know that the solution is unique and suppose that
R(K) is not dense in H, then there is 0 # v € WL C H. If uis the unique solution of
equation (8.3.3), then u + v is a solution, too.

Theorem 3.3.6. ForeveryT >0, h € L*((0,T)xQxR"), g € L*(XT) and f € L*(Q x R")
there exists a weak solution of (3.3.2).

Proof. We are going to apply theorem 3.3.4. We choose the Hilbert space H as defined

in equation (3.3.2). To ensure the coercivity of the bilinear form a, we need to consider the
problem for A > 0 first. We define the subspace F' = {y € C>*(Qr) | ¢ =0on X1} C H.
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3 The Cauchy problem for Kolmogorov equations

On F' we define the prehilbertian norm

1 1
Il = llellz + Slelzar) + 5120 iz @xrn)-

Clearly, the injection of F into H is continuous. We define the bilinear forma: H x FF — R
as

a(u, p) = / —udyp — uv - Voo + Aup + 0 (Vyu, V) dudedt.
T

Let ¢ € F, then a( -, ¢) is clearly continuous H, since the norm of H controls « and V,u for
everyu € H. Let ¢ € F, then

a(p, p) = / —p0ip — (v - Vo) + A + 0 (Voyp, Vo) dudadt

= —/ woypdvdxdt — / (v - Vyp)dodadt + / (A*+ 0 |vapl2) dvdzdt.
Qr Qr Qr

The last term can be controlled from below by min(\, o)||¢||% so that we have to deal with
the two remaining terms. Partial integration with respect to ¢ shows

—/ (p@tgpdvdxdt:/ (8tgo)godvdxdt+/ ©(0, 2, v)*dvdx.
T T Q

xR™

Applying the divergence theorem in the x variable shows that

- / v - Vypdvudadt = / (v- Vyp)pdodzdt — / ¢ (v,n(z)) dS(x)dvdt
T T X

T T
TusT

and consequently
1
—/ o(v - Vyp)ddodedt = 5/ ©? |{(v,n(z))|dS(x)dvdt,
Qr T

since in the surface integral only = € 09 such that + (v,n(z)) > 0 are of relevance and
¢ = 0 on X, The last three equations combined show that a(p, ¢) > min(1, A, 0)|¢|%.
Thus, we can apply theorem 3.3.4. Let us define the linear functional L: F' — R by

L(y) :/ h(pdvd:cdt—i—/ fgo(O,x,v)dvdm+/
T QxR™

P

_gel(v, n(@))| dS(z)dvdt.

Using the Cauchy-Schwarz inequality, we see that L. € F’. By theorem 3.3.4, there exists
u € H such that a(u,p) = L(p) for all ¢ € F. Finally, since the weak formulation of
h + cA,u — \u defines a linear functional on H, we deduce d,u + v - V,u € T and thus u
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3 The Cauchy problem for Kolmogorov equations

is a weak solution of equation (3.3.2). If A = 0, we rescale the boundary values g and h by
exp(—at) for some o > 0 and solve the equation

Ou~+ v - Veu+ au = cAyu + exp(—at)h (3.3.4)

with initial datum f and boundary values exp(—at)g. Denote by v the corresponding solution,
then u = exp(At)v solves the original problem as can be seen by a change of variable in the
integral equation for the weak solution. O

The next step is to understand if the traces of a solution u on X7 are well-defined and whether
u attains the initial value f. A result towards this question was given in [Car98, Proposition
2.4]. Unfortunately, there is an error in its proof. The flaw and the explicit problem are
described in [AM19]. We refer to the article [AM19] for further information on this thematic.

Remark 3.3.7. The homogenous boundary value problem (3.3.2) on the interval [0, 1] and
the regularity of solutions is also studied in the article [HJV14].
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4 [P-spectrum of Kolmogorov equations
with constant coefficients

We want to examine the spectral properties of the Kolmogorov equation in LP(RY). For
p € (1,00) we investigate the operator (K,, D(K,)) and the respective semigroup 7'(¢) f as
defined in (3.1.14). For the reader’s convenience we recall the definition of (KC,, D(IC,)):

Kyu = div(AVu) + (z, BVu)

has to be understood in the distributional sense for all u € D(K,) = {u € LP(RY) | K,u €
L»(RN)}. We are going to make the structural assumptions presented in section 3.1 on the
matrices A, B € RV It turns out that it is helpful to investigate spectral properties of the
drift operator, given, in the distributional sense, by

Byu = (z, BVu) (4.0.1)

forallu € D(B,) = {u € LP(RY) | Byu € LP(RY)} first. We are going to write Bu if the
differentiation can be understood in the classical sense.

Lemma 4.0.1. The drift operator (B,, D(B,)) is a closed operator in LP(RY).
Proof. To show that B, is closed, let (u,).en C D(B,) be a sequence converging to u

such that the sequence (B,uy,).en converges to g in LP(RY). Given any ¢ € C°(RY), w
calculate

= — lim Z / 05bijunep + Tibiju, 0y, pdx

2,j=1

:—tr(B)/ ugodm—/ uBpdr = —/ uBpdz,
RN RN RN
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4 LP?-spectrum of Kolmogorov equations with constant coefficients

since z;p0 € C°(RY) foralli =1,..., N. We conclude u € D(B,) and B,u = g € LP(R")
and therefore that the drift operator is closed in LP(RY). O

Proposition 4.0.2. The operator (B,, D(B,)) is the generator of the isometric Cy-group
(S(t))ier defined as
[S(t)f1(z) = f(exp(tB")z)

forall f € LP(RY),z € RY and t € R. Further, C>°(RY) is a core of B,.

Proof. In the proof of theorem 3.1.25 we have already seen that S(¢) defines a strongly
continuous group on LP(RY). Thus, it remains to characterize its generator. We first show
that C2°(RY) is a core of the generator (G,, D(G,)) of S(t). Clearly, C>*(R") is an invariant
subspace of S(t) and C>(RY) is dense in LP(RY). Let f € C>(RY), then for arbitrary

z € RN we have
L[S0 A@) - )

t—0 t

= (2, BV f(z)).

Since f is of compact support and thus there is an R > 0 such that for all ¢ € (0, 1) it holds
supp S(t)f C Bgr(0), we deduce that this convergence holds in LP(R") as well. Conse-
quently, f € D(G,) and G, f = B, f. Proposition A.1.1 implies that (B, C>*(R")) is a core of
(D(G,),G,). By lemma 4.0.1, the drift operator is closed so that we deduce D(G,,) C D(B,)
and G,u = Byuforallu € D(G,). To show that D(G,,) = D(B,), we are going to use duality
of LP(R") and LY(R"), where ¢ € (1,00) such that > + . = 1. We denote by (D(G,),G,)
the generator of S(¢) in L4(RY). It holds

Byupdxr = —/ u(z, BVp)dr = —/ uGypde
RN RN RN

for all p € C>°(RY). Since G, is closed and thus C2°(R") is dense in D(G,) with respect to
the graph norm, we deduce

/ Byupdr = —/ uGgpde
RN RN

for all ¢ € D(G,). We recall that, since S(t) is a group of isometries, we know that {z €
C | Re(z) # 0} C p(G,). Letu € D(B,), then thereis a A € p(G,) with —X € p(G,) and
v € D(G,) C D(B,) such that Au — B,u = Av — Gpv. We define w = v —u € D(B,), then
Aw — B,w = 0 and thus

0= / (A — Bw)pdr = —/ w(A+ Gy)pdz
RN RN

for all p € D(G,). Due to the fact that —\ € p(G,), we see that (A + G,)(D(G,)) = LYI(RY)
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4 LP?-spectrum of Kolmogorov equations with constant coefficients

and so we deduce w = 0 by duality of LP(RY) and L4(RY). This shows v € D(G,) and
therefore D(B,) = D(G,). O

Lemma 4.0.3. Let 0 # B € RV*Y be a matrix satisfying the structural assumption from sec-
tion 3.1. There exists an open subset U ¢ R such that ‘l|im |exp(tBY)z| = oo uniformly
t|—o0

in x on every compact subset of U.

Proof. The matrix B is nilpotent of order r, i.e. B"* = 0 and B" # 0. We choose
U={zecRY|(B")z #0}.

Let K C U be a compact set and x € K, then by the Cauchy-Schwarz inequality and the
Peter-Paul inequality with parameter ¢ = % we deduce

2

9 T tk 1 ” , 9 tk
lexp(tB")z|” = ZE<BT)]€I = 2(r|)2t2 (BT z|” — E(BT)kx
k=0 " ' k=0 "
1

>

2r Tyr |2 2r—2
2(7’!)275 [(BT) z|" — et

for a constant ¢; = ¢;(K) > 0 and all ¢ > 1. This shows the uniform divergence, since due
to the compactness of K C U it holds min,cx |(BT)’":E\2 > 0. O

Theorem 4.0.4. For allp € (1, 00) the spectrum of (B,, D(B,)) is given by o(B,) = iR.
Proof. Since S(t) is a group of isometries, we immediately know that o(5,) C iR. Suppose

that there exists & € R such that ai € p(B,), then thereis a 6 > 0 such that Bs(ai) C p(B,).
Lete > 0and f € LP(RY), then by the Laplace formula for the resolvent, we have

R(e + ai, B,) f = /0 " exp(—et — iat)S(t) fdt
R(—e+ai,By,)f = — /OOO exp(—et + iat)S(—t) fdt
for all |a — a| < §. Setting
V(e+ai)f = R(e +ai,B,)f — R(—e + ai,B,) f = /OO exp(—e |t| — ita)S(t) fdt,

it follows that lin% V(e +ia)f = 0forall |a—a| < §and every f € LP(R"). According to
E—>
proposition 4.0.3, there exists an open set U C R” such that |exp(tBT):r\ — oo uniformly
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4 LP?-spectrum of Kolmogorov equations with constant coefficients

on every compact subset as t — oco. We pick any nonnegative 0 # f € C'°(U) and define
the function g: R — R as

o) = [ IS0

for every t € R. It holds g € C**(R) and since |exp(tB”)z| — oo for t — oo uniformly over
the compact set supp f, we further deduce that ¢ € C°(R). By Fubini’s theorem it holds

[e.9]

/ V(e +ia)f](z)f(x)dx = / exp(—e |t| —iat)g(t)dt.
]RN

—0o0

Using the fact that f and ¢ are of compact support and that li_1>r(1) V(e + ia) = 0, we deduce

~

g(a) = 0 for all |a — | < 0 using the theorem of dominated convergence. As the Fourier
transform of a compactly supported smooth function ¢ is real analytic, we conclude that
g = 0. This is a contradiction to ¢(0) = [~ f*dz > 0. We conclude o(B,) = iR. O

We want to study the boundary spectrum of K. To do so, we need the following two theo-
rems. The first one goes back to Hale Trotter and Tosio Kato and gives a criteria to show
strong convergence of a sequence of semigroups. The second one is taken from [DS86] and
considers the spectrum of certain limits of semigroups.

Theorem 4.0.5. For k € N let (T'(t)):>0 and (Tx(t)):>0 be strongly continuous semigroups
on a Banach space X with generators A, A, respectively. We assume that there exist
constants M > 1 andw € R such that

IT@NTR@)] < M exp(wt)

forallt > 0 and every k € N. Let Dy be a core of (A, D(A)) and assume that Dy C D(Ay)
for every k € N as well as that Ayx — Ax for every x € D,. Then Ty (t)x — T'(t)x for all
x € X uniformly int on compact intervals.

Proof. This is a special case of [ENOO, Ill Theorem 4.8]. ]

Theorem 4.0.6. Let S(t) and T'(t) be strongly continuous semigroups on a Banach space
X with generators B and A. Assume that there exists a sequence of invertible isometries
Vi X — X such that V' T(t)Vix — S(t)x for all z € X uniformly on compact intervals. If
S(t) is a group of isometries, then o(A) C o(B).

Proof. [DS86, Corollary 13] ]

Theorem 4.0.7. Forallp € (1,00) it holds iR C o(K,) C {u € C | Re(u) < 0}.
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4 LP?-spectrum of Kolmogorov equations with constant coefficients

Proof. For every k € N we define the linear operator V;,: LP(RY) — LP(RY) as [Vif](z) =
k‘%f(kflx) forany f € LP(R") and all z € RY. A simple substitution in the integral shows
that V;, is an isometry. Given any f € C>(RY), it holds

Vi KV, f = %div(AVf) + (z, BVu). (4.0.2)

The latter equation shows that V, 'KV,f — Bf in LP(RY) for k — oo. Recalling the
behavior of semigroups and their generators under isometries, theorem 4.0.5 shows that
V,”'T(t)V;, converges strongly to S(t). Using theorem 4.0.6, we conclude iR = o(B,) C
o(IC,). By theorem 3.1.25, it holds o (K,) C {¢t € C | Re(pr) < 0} and hence we deduce the
claim. ]

Remark 4.0.8. Let us give an interpretation of the technique that has been used in the
previous proof. From the physical point of view one could say that the isometries (V})ren
zoom out preserving the physical quantity of mass. Zooming out far enough, only the drift
term determines the behavior of the equation. After zooming in again, only the effect of the
drift term remains significant.

Corollary 4.0.9. The Kolmogorov semigroup (7'(¢));>o on LP(R") is not analytic.

Proof. The spectrum of an analytic semigroup cannot contain any vertical lines in C. Since
iR is contained in the spectrum for all p € (1,00), the Kolmogorov semigroup cannot be
analytic. [

Corollary 4.0.10. The growth bound of (7(¢));>¢ can be calculated as w(7") = 0.

Proof. We know that (T'(t));>o is a positive semigroup on LP(R") and that s(K) = 0. By the
theorem in [Wei95], it must hold w(7) = s(K) = 0. O

Corollary 4.0.11. For all p € (1,00) and all ¢ > 0 it holds || 7(¢)|| = 1.

Proof. If it were | T(t)|| < 1 for some t > 0, it must hold w(7") < 0 by [ENOO, Chapter V,
Proposition 1.7]. This is a contradiction to w(7") = 0. O
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5 Long-time behavior of Koimogorov
equations with constant coefficients

In this section we are going to investigate the behavior of solutions to a Kolmogorov equation
with constant coefficients for long times briefly. More precisely, we are going to investigate
equations as presented in section 3.1

Owu = div(AVu) + (z, BVu) .
Theorem 5.0.1. Let f € L*(R") with mean M = [ fdx. It holds
1T(@)f — MI(t, )|l rv — 0

ast — oo. If f has finite expectation, i.e. xf(x) € L'(RY), then there exists a constant
C = C(n, A, B) such that

IT(t)f — MT(t,2) ||y gn < Ct 2 ||z f(2)]) gy

for allt > 0.

Remark 5.0.2. This theorem and its proof are based on an analog theorem for the heat
equation, which can be found for example in [QS07][Proposition 48.6]. We note that above
theorem recovers the classical statement in the case of A = Idy and B = 0.

Proof. Let f € L*(RY) such that zf(z) € LY(RY). Given x € RY and ¢t > 0, using the
mean value theorem, we calculate
[T(t) fl(x) = MT(t, z)

C

= [ o (S 06 - Bow.a - 500 -0 (-5 €0 )] sy

2

2752/RN/ 5 By, C <)510‘>6Xp("<c aa>>f(y)d9dy

abbreviating o = z—0FE(t)y. Fort > 1, using lemma 3.1.9 and the fact that C~(1) is positive
definite with constant A > 0, we deduce
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5 Long-time behavior of Kolmogorov equations with constant coefficients

[T(t) f1(2) = MT(t, =)l

/RN/ o Bl yH““\“?( !51a\)exp(—%< ‘1<t>a,a>) 7(y)| 46y

<2 [ s E]en (-3 0a.a) 1)y

for new constants ¢;, ¢, > 0, since it holds sup,- sexp (—3s%) < oco. Integrating with respect
to x and using the theorem of Fubini leads to

|T(t)f — MT(t, x)”l,RN

1 %E(t)y‘ £ ()] /RN =% exp (—% <C_1(t)a,a>) dzdfdy

| /\

RN Jo
1
<a 53 B £l d0dy = s [ |5, B O] 170}l ay
RY JO t RN t
C
<& [ Wllfwldy =5 les@lhas

for some constants c3, ¢, > 0 depending only on dimension and C~'(1). We have used
lemma 3.1.8, i.e. @E(t)y‘ < t~3¢(B) |y| and that

[ e (—1 (€ ()@ — E()y),x — 9E(t)y>) da

t3 JRrN 2

is a constant independent of # and t. This can be seen by incorporating the factor % into a
new diffusion matrix A = 1 A. After the substitution = = §E(t)z this integral can be written as
the integral of the fundamental solution to A and B multiplied by a constant. Lemma 3.1.14
applied to this new fundamental shows that this integral is equal to a constant for all points
0E(t)y. This shows the second part of the statement.

To prove the first statement, we choose a sequence (¢p)rey C C(RY) with mean M
approximating f in L'(RY). Then clearly, zpo,(xz) € L*(RY) and thus using the second
statement together with the contractivity of 7'(¢), we conclude

|T(#)f — MU(t,x)|lymy < | T@)f =T #)erll1my + | T(#)pr — MU(t, )|l gy
<|f = rllimy + I T(t)pox — MU (t, 2)|[1 my

and therefore limsup ||T'(t) f — MI'(t,2)|1 g~ < ||f — ¢&ll1r~, which shows the conclusion

t—o0
as k — oo. O
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6 Regularity of Kolmogorov equations

6.1 C*°-reqgularity of KolImogorov equations with constant
coefficients

We want to apply the regularity theory of hypoelliptic differential operators, presented in
section 2.4, to the setting of Kolmogorov equations with constant coefficients. We consider
the partial differential equation

Oyu = div(AVu) + (x, BVu),

where A, B satisfy the structural assumptions given in section 3.1. At first, we need to show

that our equation can be written as a sum of squares of first order homogenous differential

operators as in equation (2.4.1). We introduce the matrix ) = (¢;;) = Az which is the square
mo

root of the diffusion matrix A. Let us define the vector fields X; = > " ¢;;0,, = [QVu]; for
1=1,...,mg. It holds

mo mo mo mo mo
ZXfu = Z Z O, Z ik Oz, U = Z Qi Qi [VQu]jk = tr(QQV?u) = div(AVu)
i=1 i=1 j=1 k=1 ij k=1

so that, if we define
XO = <LU,BV> — (9t,

we get

mo
Z Xiu+ Xou = div(AVu) + (z, BVu) — dyu.

j=1
This shows that we may be able to apply the theorem of Ho6rmander if the Lie condition in
theorem 2.4.7 is satisfied.

Theorem 6.1.1. Let ) C RY be open, T' > 0 and h € C>=((0,T) x Q). Every distributional
solution of the equation

Owu = div(AVu) + (x, BVu) + h in (0,T") x
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6 Regularity of Kolmogorov equations

is smooth in the interior of its domain in time and space.

Remark 6.1.2. In particular, theorem 6.1.1 applies to distributional solutions of either equa-
tion (3.1.1) or equation (3.3.2) with h € C*(Qr).

We note that theorem 6.1.1 does not immediately show that the weak solutions of equation
(3.3.2), obtained in section 3.3.2, are smooth. This is due to the fact that the notion of
weak solution for this equation may be different from a distributional solution. However, by
restricting the set of all test functions in the definition 3.3.2 to C;;’O(QOT) it follows that a weak
solution is also a distributional solution and therefore by theorem 6.1.1 is smooth in the
interior of its domain.

Proof. We have shown that the Kolmogorov equation can be written in the form of equation
(2.4.1). We need to verify the Hormander bracket condition (2.4.2). To do so, we calculate
the Lie bracket

mo mo
[Xi’ <$7 BV)] = [(QV)% <I’ BV)] = ZQijaﬂij <IE, BV> - Z<xv BV>Qijaxj
j=1 j=1
mo N mo
= ZQijaxj Z b0y — Z@C, BV>C]z‘jaxj
j=1 k=1 J=1
mo N mo N mo
= Z%’j Z (Sjkbklaxl + Z Z bklxkazl%jaxj - Z(iﬁ, BV>Qija:Uj
j=1  ki=1 j=1 k,=1 j=1
mo N
=> qy Y _bjds, = [QBV];
j=1 =1
fori=1,...,mg. Fory >0andi=1,...,mygwe define
Xij1 = [Xiy, (x, BV)]
and set X; o = X;. We have seen that X, = [QBV], forevery i = 1,...,mq and claim that
it holds
Xij = [QBjVU]i
for every j > 0 and any ¢ = 1,...,mqy. We prove this claim for every ¢+ = 1,...,mq by

induction. The base case has already been proven. Assume that the claim is true for some
7 >0, then

X1 = [Xiy, (2, BV)] = [QB'V];, (2, BV)] = Y (QB)abuds, = [QB 'V,

k=1
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6 Regularity of Kolmogorov equations

by a calculation similar to that in the base case. Thus, by the principle of induction it is
Xi,j = [QBJVU]Z for a”j > 0.

Next, we claim that the dimension of the Lie algebra generated by
V:{Xi,j ‘i:1>~--7m07 .j:l?"'ur}UXO

is given as N + 1 at every point of R¥*1. We note that [QB’V]; is the i-th row of
QB - Bj[Vu]Y) and that QB; - - B; € R™*™ is of rank m; < my. Therefore, it holds
that the vectors [QB’ V|1, ..., [@B’V]u,, i.e. the columns of @B, - - - B;, contain a genera-
tor of the subspace {(t,z) € RVN*' |z =0, [ # j} c R forall j = 0,...,r. Furthermore,
0, is a basis vector of the time component. We conclude that the dimension must be equal to
N + 1. Consequently, the vector fields X, ..., X,,, satisfy the assumptions of Hérmander’s
theorem and we conclude the proof of our theorem. ]

Remark 6.1.3. The interior regularity of solutions to the Kolmogorov equation on RY can
also be derived from the representation of solutions in terms of the fundamental solution.
However, this does not work for the Kolmogorov equation posed on arbitrary subsets 2 C
RY. This is due to the fact that on an arbitrary set ) there must not be a fundamental
solution.

6.2 Maximal L’-regularity of Kolmogorov equations

This section is devoted to study maximal L?-regularity of the Kolmogorov equation with con-
stant coefficients. We recall the definition of maximal L?-regularity.

Definition 6.2.1. Let p € (1,00) and A: D(A) — X be a densely defined and closed
linear operator on a Banach space X. We say that A is of maximal L?-regularity if there
exists a constant C' > 0 such that for all f € L?((0,00; X)) there is a unique solution
u € LP(0,00; D(A)) to the Cauchy problem

[Ou](t) = [Au](t) + f(t), for almost every t > 0
u(0) =0,

which also implies that 0,u € L?((0, c0); X') and the estimate

1ll (0,00) F 10eelly, (0,00) + 142 0,00) < Cllllp,(0,00)- (6.2.1)

Unfortunately, every realization of (K, D(K,)) in some L4(R") space is not of maximal L?-
regularity for every p € (1, 00). This is a consequence of the following property of operators
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6 Regularity of Kolmogorov equations

with maximal LP-regularity and corollary 4.0.9.

Proposition 6.2.2. Assume that A: D(A) — X is an operator of maximal L?-regularity on
some Banach space X, then A generates a bounded analytic semigroup.

Proof. [EW09, Proposition 2.2 in the section Maximal regularity and applications to PDEs]
O

Corollary 6.2.3. Let ¢ € (1,00) and consider the LI(R") realization of the Kolmogorov
operator K,. Then K is not of maximal LP-regularity for every p € (1, c0).

Remark 6.2.4. We want to recall that the non-analyticity of C is a consequence of the fact
that the spectrum of the drift part of IC is the imaginary line. It is well known that elliptic
second order differential operators with constant coefficients are of maximal LP-regularity.
Therefore, there is some reason to blame the drift term for the loss of regularity in this
situation. In the next section we are going to investigate this matter. Moreover, we are going
to see how much regularity in z in terms of a Sobolev norm we can get at most.

6.3 Hypoelliptic kinetic regularity

We have already seen multiple times that the characteristic properties of the Kolmogorov
equation are the elliptic diffusion in the velocity variable and the coupling of velocity with
the position in the transport term. In particular, it is not a good property of the Kolmogorov
equation that there is no elliptic diffusion in the = variable. In chapter 2.2 we have artificially
added some diffusion in x to obtain existence results. Moreover, in section 6.1 it was shown
that the coupling via the transport term, measured in the commutator

[avm v - vx] = axia (631)

leads to interior regularity which is as good as the regularity in the elliptic case. In this section
we want to investigate whether a version of the estimate (6.2.1) holds for the Kolmogorov
equation

ou—+v-Vou=ocAu+ f

u(0) =0

in L2(R?™*1). Our aim is to show estimates in fractional Sobolev norms. To be more precise,
we are going to show that one gains % of a derivative in the position variable. This section
is based on the article [Bou02] written by Frangois Bouchut. Fractional derivatives and frac-
tional Sobolev Spaces are discussed in the appendix A.2. In the following we are going to

write D? = (—A,)? and D? = (-A,)*.
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6 Regularity of Kolmogorov equations

Let us consider the kinetic transport equation
Ou—+v-Vyu=nh

first. Our aim is to show a gain of differentiability in  under the assumption of additional
regularity of u in the velocity variable.

Theorem 6.3.1. Let 3 > 0. We assume that u, h € L*(R***!) satisfy
Ou+v-Vyu=nh
in the distributional sense. If additionally

DEU c LQ(R2n+1) 7

B

then D, " u € L*(R**!) and

B

< C||Dul 5 10157
RN

B
1+
HD:C U Q,RN 2,]RN )

where C' = C'(,n) > 0.

Proof. We are going to use Fourier transform in the variables (¢, ). The Fourier variables of
(t,z) are denoted by (&, k) and the Fourier transform by

1
th,:cu(ga ka U) = T nrz exp(—it£ - Z<k7 £L’>)U(t, v, .’B)d(l?dt

(2m) 2 JRN

Since dyu + v - V,u = h € L*(R**!), we deduce by the theorem of Fubini that it holds
Owu(-,v, ) +v-Vou(-,v,-) = h(-,v,-) € L*(R"!) for almost every v € R" and hence

Z(f + <U7 k>)[ﬂ7xu] (57 ka U) = [‘Ft,xh] (6, ka U) (632)

for almost every (¢, k,v) € R?"*!. By C(3,n), we are going to denote a constant depending
on the differentiability 5 and on dimension n which can change from line to line. Let us
consider a mollifier w € C2°(R™) as in section A.3 and the corresponding Dirac sequence
(we)eso- Additionally, we assume that

/ vw(v)dv =0 (6.3.3)

holds for all multi-indices « € N" of length 1 < |a| < . Such a mollifier can be constructed
for example by subtracting the orthogonal projection on a suitable subspace generated by
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6 Regularity of Kolmogorov equations

the respective monomials. Moreover, we assume that w < C(8,n). We fix (¢, k) € R
and write

[Fraul(§, k,v) = (we * Fra (&, k) (0) + [Fraul (€, K, 0) — (we * [Fraul(§, K, ) (0)] = Lo+ Io.

We are going to handle the latter two terms separately. To estimate the first term, let A > 0.
We add A\ F; ,u to both sides of equation (6.3.2) and get

AlFeaul(§s k,v) +i(§ + (v, k) [Froul (€, k,v) = A[Ful (€ K, v) + [Frah(€ k,v).
Dividing by A + i(£ + (k,v)) leads to

A Fraul(§ F, 0) + [Fiah](E K, v)

[‘Ft,xu](gakav) )\+Z( <l€,1)>)
[}"mu](ﬁ k U) M Feahl (€ k,v)
+ 36+ (k. v))

and smoothing in velocity with w. in turn gives

[Froul(€, k,y) + 3 [Feah](E k,y)
1+ £(&+ (k,y))

Using the Cauchy-Schwarz inequality, we deduce

[Fraul (€, k,y) + 3 [Feahl(E k,y)
+ €+ (k)

Faul(€, k) + 51 hl(E B, )

(@t [Pl kD) = [ wrlv = )y

o+ Franl(€ R D < [
|

: [we(v — )| d);. 6.3.4
(/Rn\u Er kP 6.3.4)

By orthogonal decomposition every y € R™ can be written as y = ¢/ |k| +7y where iy = (y, |k|>
and (g, k) = 0. From w < C(3,n) we deduce that

(et - 012 o

wo(v — )2

we(v)] < e™"C(B,n)1Lyjv|<e)

for all v € R™. We write
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6 Regularity of Kolmogorov equations

whence
{lv—yl<e}c{' =y <eln{lo —g| <e}.

Performing the transformation which corresponds to the basis change in the representation
of y and v, we get

lw:(v — y)| 5d C(B.n 1 1 d
/Rn\u (€ + (k)| v=cw )6"/&(@ 1+ 4+ (ko) !

< (3 )1/HE ! Ay
= 7n_ yy

)\
Using the latter estimate in inequality (6.3.4) shows
AC 1 P
[(we * [Frpul (€, k) (0)] < —2—= Ik! ‘fmu (&K, ) + L[ Feahl (€ K, ) Jwe (v = )2
2,R"

Eventually, integrating with respect to the velocity v and taking the square root, we get

[(ws [fmu é,kn Dl gy

—< \k\ ) ’fmu (& k) + A[Jflt,gch](g,k,.) lwe (v — )2 2,1Rndv
_<AC |i;’| > v) %[]:t,xh](ﬁ,k;,-) .

< (24 : [um,mu] (€ kg + 5 NFaE R e

by the theorem of Fubini and the triangle inequality. Choosing

_ Feah)(€ F, )l e
I Feat) (€ ks )llppn

we deduce

C(B,n)
Velk|

(. * [l (€, by Nl e < N Fowtl (€ b, )12 s N1Frwh) (€ V2 g
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6 Regularity of Kolmogorov equations

The second term can be estimated as
12lly g = [[Feaul (€, b, ) = (we * [Fra) (€ k))lly g < C(B,0)e” | DY[Fratu] (€K, )|, o
This estimate follows immediately from the estimate

1= V2" [Fdln)| < OB, M) en’ (6:3.5)

for all n € RY and the theorem of Plancherel for Fourier transformation in the velocity vari-
able. Indeed, it holds

[ Fratu] (€, k) = (we  [Fraul (€ k) o pe = 1F0 (Fraul (€5, -) = (we * [Fraud (€, k)5 pe
Jrics (- ),

SC<6 2 26

W s (F €k D] )|

27]R7L

= C(B,n)*e*” || DL [Faul (&, K, )

loge

For every 3 € N the inequality in equation (6.3.5) can be proven by using a Taylor expansion
of the exponential function in the integrand. The vanishing moments condition, as assumed
in equation (6.3.3), shows that all lower order terms are zero. For a more rigorous reasoning
we refer to [Bur13, Section 2.5]. The case 0 < 5 € R \ N follows by an interpolation
argument. To be more precise, we choose 6 € (0,1) such that 5 = (1 — 0)[5] + 6| 3]. Due
to the fact that the vanishing moment condition was assumed for all multi-indices o« € N" of
length 1 < |a| < 3, it clearly holds true for all multi-indices & € N™ of length 1 < |a| < [/],
too. This shows that

1= V2r"[Fud)(m)| < C(8.N) fen]
1= V2R (R )| < C(8,N) fen] !,
whence

1— \/%”mwe](n)\ — \1 —V2r [Fowel(n)
= C(B,n) |en)”

1-6+6
< C(B,n) |en| MO e 1P

foralln € R™.
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6 Regularity of Kolmogorov equations

Together the estimates on [; and I, yield

(5|Z|) ||[-thu](§ k, )HQ%RN H[‘Ft,mh](g,k,)HiRN

+ O(ﬁ? n 56 HDSE,xu(ga ka )

[[Frazul(§ k) |y g <

I 5

for all ¢ > 0. We want to choose ¢ > 0 such that the mixed term on the right-hand side can
be absorbed into the left-hand side. A possible choice is that of

C(ﬁ’ n>2 H[*Ft,zh] (5’ ka ')||27]RN
I Fortl 5 e

E =
After multiplication by 2 ||[F .u](€, k, )H2 Ry We get

1
I[Feeu] (€, ks Mg pn < 2C(ﬁ,n)W 1D Fr €, by )| g |[Fech] (6 R )5 g

whence

[1#17% (e k)|, < OB.m) [ DIF sl b M I1Fahl(E k) | -

2,RN

Squaring and integrating in (¢, k) yields

B 2
prﬂu scw,n)/ | D2 a6, b )| b6, e I dCE, B)
2,R2n+1 R+
< C(B.n) | Dyul|y gann thlé’ﬁw

by the Hélder inequality with exponent 5+1 and %as well as the theorem of Plancherel. [

Remark 6.3.2. Let us note that in the previous proof the estimate of the second term can be
seen as an estimate characterizing the rate of convergence of the approximation. It is only
due to the fact that D’u € L?(R*"*!) that we obtain the rate of 5. One can say that in some
sense this rate of convergence quantifies the regularity properties of the function w.

Theorem 6.3.3. Letu € C>°(R?"™!) be a solution of
ou—+v-Vyu=ocA,u+h
for a function h € C2°(R***') and some o > 0. In this case it is

10ru + v - Vaully gansr + 0 [|Avully gznir < Cl[hlly ganss
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6 Regularity of Kolmogorov equations

2
for some constant C > 0 independent of ¢ > 0. In particular, it holds Diu € L*(R**1) as
well as

\H| Q

2
o],

2R2HL T “h“QaRQ"H )

w

Proof. Applying the fractional derivative of order % in the space variable to both sides of the
Kolmogorov equation, we obtain

1
(0 +v -V, — oA Diu = Dih.
Multiplying by Déu and integrating on R*""! leads to

o va (Dgu) H — 0(VyDiu, VyDiu) = (Diu, D 1),
27]R2n+1
since ) ) )
/ Diu(0Diu+v-V,Diu)dr = 0.
R2n+1

This is due to the fact that in the ¢ and v variables the function D u is of compact support and
infinitely often differentiable. Moreover, using the decay estimates from [DPP19, Chapter 1,
Section 2, Proposition 2.9] for the fractional Laplacian of a Schwartz function, one can show

that f(Déu)v : VI(Déu)dvdxdt = 0.

We deduce
1 2 1 1 2 2
o||v. (D) Hm — (DIu, Dih) = (Diu,h) < ||Diu \ZRW 1Pl ons
by Lemma A.2.3. Multiplying by —A,« and integrating over R?"*! shows
— (Ayu,v-Vau) + o HAqu;RQnH = —(A,u, h) (6.3.6)

and furthermore

Ayu,v-Vaou) = 0% u,v-Vyu
( o

=1

S Z(@Uiu, Oy, (v - Vzu))

=1

== (001, 0 Va(Dyu1) + Oy, u).

=1
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6 Regularity of Kolmogorov equations

Due to
(Opu, v - Vi (Oyu)) =

foralli=1,...,n, we deduce
(Ayu,v - Vyu) = —(Vyu, Vou). (6.3.7)

Combining the equations (6.3.6) and (6.3.7), arguing as in lemma A.2.4 and using the esti-
mate from equation (6.3) leads to

o ||AUU||§,R%+1 = (=Ayu, h) — (Vyu, Vyu)
< [|Avully genss 1Ally genss + Hv (Diu) H

2
3

D3iu

2 ]R2n+1

12][3 gans - (6.3.8)

HQ,RQ’H'l

< 18l g [l s + = [ D3

R2n+1

Applying theorem 6.3.1 to the solution u of the kinetic equation with the right-hand side
ocA,u+ h and $ = 2, we deduce

1 2
< O Al g [19r 40+ V] s

2
HD;Z’u

27R2n+1

for some constant C' > 0 independent of ¢ > 0. The Kolmogorov equation gives the estimate
H@tu +v- vquQ,R?"“ S HhHQJRQ?’H'l +o HAvu”2,]R2"+1 )

whence

3
1
HD Hg R2n+1 <C ||Avu||22,R2n+1 |Ovu + v - V;ﬂquJRQn+1
1
S C HA’UUHQQJRQH-FI (Hh/”27R2n+l + o ”Aqu27R27l+1> .
Combining the latter estimate with the estimate (6.3.8) shows

0 1Al panss

< 8l Wl + [ DA

o [ s

1 1
<Al s Pl e+ —=C I8l g (Il onss + 0 180l s ) WAl s -

ﬁ
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6 Regularity of Kolmogorov equations

Using the Peter-Paul inequality three times with parameters €1, 5,3 > 0 shows

7 1Al s

C 1 3 3 1
S ||AUU||27R2n+1 Hh||2,R2"+1 _'_ % ||A/Uu||227]R27L+1 HhH;’R}nJrl + O \/E ||Avu||22,IR2"+1 ‘|hH22,R2"+1

4
- C OJo 1 3Ce} C\foeh
g<—1+ + O ) HAvu||§,R2n+l+(—+ -t {> 1Al s -

2 do%y § 24 4

Choosing e, = 0, ¢, = Cig~1 and e3 = (8C)30~ s shows

7 11 3C3
g “AUUH;RQ”'H § gO’ HAUUH;mel + E (5 + T + 12804> HhH;R2n+1 5

whence
C

2
||Aqu2,]R2n+l < )

2
112 gen s
for some constant C' > 0 independent of ¢ > 0.

Consequently, it holds
100 + v Vstully gonsr + 0 [ Agully gaoer < (2C +1) [l g

and

2 C
|P3u|| <= IRl g

27R2n+1 O'%

by theorem 6.3.1. O

Remark 6.3.4. (i) The exponent % appeared first in the article [RS76]. Linda Rothschild
and Elias Stein were able to prove the same gain of regularity in the position variable
but only in a local sense. We refer to [RS76, Paragraph 18, Theorem 18].

(ii) Global L*(R")-estimates for the more general equation d,u = div(AVu) + (z, BVu)
are also proven in [BCLP10] with different techniques.
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7 Harnack inequalities for Kolmogorov
equations

7.1 Kolmogorov equations with constant coefficients

Once again we are going to investigate the partial differential equation
Owu = div(AVu) + (x, BVu),

introduced in section 3.1. Throughout the following section we are going to make the as-
sumptions given in section 3.1 on the matrices A and B. The aim of this section is to prove
a Harnack inequality for nonnegative solutions of this equation. An elegant way of prov-
ing a Harnack inequality is to prove a differential Harnack inequality first and to deduce the
Harnack inequality from this differential inequality. This approach goes back to Peter Li and
Shing Tung Yau, who have proven in [LY86] a Harnack inequality for the heat equation on
a manifold by means of a differential Harnack inequality. This section follows the article
[PP04a] closely.

7.1.1 The differential Harnack inequality

The aim of this section is to prove a differential Harnack inequality for nonnegative solutions
of O,u = Ku on a strip (0,T) x RY. We are going to use this differential Harnack inequality
in section 7.1.2 to prove a Harnack inequality for the equation 0,u = Ku. We start with a
differential equality for the fundamental solution I" of C, from which we are going to deduce
the desired inequality.

Proposition 7.1.1. The fundamental solution I' of K satisfies the gradient equation

Q.. (AVL,VI)
YD+ 2r=22r2777
o T

in (0,00) x RY. We recall that Y = (z, BV) — 0.
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7 Harnack inequalities for Kolmogorov equations

Proof. By definition 3.1.12, we can write the fundamental solution at ¢, = ¢, x5 = x and
ty =0,z =0as

['(t,2,0,0) =T'(t,x) = cot’% exp (_}l <C’1(1)(5Lx, 51x>)

NG NG

for all £ > 0. We calculate the diffusive partial derivatives of first order

_ 1 -1 _ b = |
0,0 (t,7) = =0 (t,2)0, <c (1)5%,5%@ = —5 T DCT W),
fort =1,...,mg and these of second order
B 1 1 ( _1<1))ij
Or,a,L'(t, ) = _2_\/%(6 (1)5%x)j8mif(t,x) — 57 L(t,x)
I P . (W)
= 5 (€1 W1 2)(CTHW)F 1 2);L(t,w) — — T (¢, x)
forallz,7 =1,..., my. Together we deduce
[div(AVD)](t,2) = > Y a;j0,,00, T(t, 7)
i=1 j=1
- f':a ! (€' W)dLa)(C (V)6 L), Dt :c)—( i ))“r(t )
=\ i Vi 2t ’
_ ! f:a L6 2) T 1) (€ (1)6 1 2), Tt )
I—‘(t’x)Z]:1 3 2\/% % 7 ) 2\/¥ ﬁ J )
D(t,2) & _
2t Z aij (C 1(1))1_7
i,j=1
B 1 mo mo B F mo ) .
= T 26 Z 0:,1)(¢,2) %Z ai; (CH(D),,
_(AVDLVD)(he) DS
_ T 2) m i;a” ('), (7.1.1)

Furthermore, it is
[YT](t,z) = [(x, BV)T|(t,z) — OI'(t, z)

. (% ~ Sle BE () + 0 e ()i, 51:;;)) (7.1.2)

S
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7 Harnack inequalities for Kolmogorov equations

using above representation of C(¢). We evaluate the equation [KT'|(t,z) = 0 at z = 0.
Clearly, this is equivalent to the equation [div(AVTI")|(¢,0) = —[YT](¢,0). Applying equation
(7.1.1) and equation (7.1.2) gives

F(tam) S —1 Q

i 2 €T Wy = 510

taking into account that at(C‘l(l)d%m,d%@ = 0. Finally, using [KT](t,z) = 0, the
t t x=0

above representation of () and equation (7.1.1), we conclude

—[YT|(t,z) + 2% = [div(AVD)](t, z) + 2% _ (AV?,(ZZ;Q,J:)'

This shows the claim if z; = 0 and ¢; = 0. It holds that
Lt —ty,o0—E(t—t)x) =T —t1, 2 — E(t —t1)1,0,0) = ['(t, 2, ¢, 21).

We want to evaluate the previously partially proven gradient equation (7.1.1) at (t — t;,z —
E(t —t1)z1,0,0). However, we have to take into account that x — E(t — ¢;)x; is now time-
dependent. We have already seen that this is no problem, since we know [YT'|(t — 1,2 —
E(t —1t1)21,0,0) =Y (t — t1,2 — E(t — t1)x1,0,0) from remark 3.1.7 . O

Remark 7.1.2. In the following theorem we want to interchange differentiation with integra-
tion without clear justification. To apply the well known measure theoretic theorem, which
allows such an interchange, we would need an integrable majorant of VI'(¢, z, tg, - )u(to, -)-
However, we only know that « is nonnegative. Therefore, we are going to assume from
now on that u > 0 is a nonnegative solution such that this interchange of differentiation and
integration is permitted. This is for example the case if u is polynomially bounded.

Theorem 7.1.3. LetT > 0 and let u be a positive solution of dyu = Ku in [0, T] x RN. In this
case u satisfies the differential Harnack inequality
Q (AVu, Vu)

—Yu+ —=u>

7.1.
2t U ( 3)

in the whole strip (0,T) x RY.

Proof. As announced in the introduction of this section, this is a consequence of proposition
(7.1.1) along with the representation of the positive solution « in terms of the fundamental
solution as presented in theorem 3.1.24. To be more precise, given t, € (0,7), the function
u can be written as

utr) = [ Ttz top)uto )y
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7 Harnack inequalities for Kolmogorov equations

for all (¢t,z) € (to,T) x R”. Using proposition 7.1.1 and interchanging differentiation and
integration, we get

—Yu+ 9u—/ ( YT'(-,to, )+9F(-,~,to,y)> u(to, y)dy
RN

2t 2t
B (AVI(,-0,9), VE( b0, y)
_/RN( o) ) (o, y)dy.

Applying lemma B.0.4 and interchanging the order of integration and differentiation, we con-
clude from

(AVT(-, -, to,y), VI(+, -, to, y))
/IRN ( F(',-,to,y) )u(t()’y)dy/RN F(‘,‘,to,y)u(to,y)dy

> / (AVT (-, o, y)ulto, 1), VT (s o, y)ulto, ) dy
RN

= <"4V P(a 7t0ay)u(toay)dyvv F(?athy)u(t07y)dy>
RN

RN

the hypothesis. u

7.1.2 The Harnack inequality and K-admissible curves

In this section we are going use the differential Harnack inequality to prove the Harnack
inequality for Kolmogorov equations with constant coefficients. To do so, we introduce the
notion of integral curves. Let z; = (t;,2;) € (0,7) x RY, j = 1,2 with & < . An
integral curve v = (v1,...,7n,t) € C([t1,t2]; RV*1) of the vector fields 0, ..., 0, —Y
connecting z; and 2z, is called a K-admissible curve. By integral curve we mean that the
tangential vector ~ of  fulfills

Zf}/z aacfi_f}/t( az‘, 271 x Bv +at 271 axz_ BT ( ) v>+at
i=1
for all s € [t1,t5]. We recall that we write 0,,, ..., 0., 0; for the respective unit vectors in

RN*!and that (¢, V) = S_N | £0,.. The set of all K-admissible curves connecting the points
21 and z, is denoted by A, .,. Every K-admissible path  is a solution to the system

4 — _ BTy (7.1.4)

for k = 1,...,r. Clearly, for the time component ~, of ~ it must hold ~,(s) = t; + (t2 — t1)s
so that this component is uniquely determined by ¢, and t,.
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7 Harnack inequalities for Kolmogorov equations

Proposition 7.1.4. For all z;, 2z, € RV it holds that A, ., # 0.

Proof. A proof of this statement can be found in [Cho40]. An essential ingredient in the
proof is that the vector fields 0, , ..., 0 Y satisfy the Hormander rank condition as shown

) xmo Y

in section 6.1. O

We define the cost of a KC-admissible curve  connecting z; = (¢1, 1) and zo = (t2, z2) as

o) = [ " (A4 O(s), 40 ().

t1

Clearly, this cost function is always nonnegative. After this preparation we can now state the
Harnack inequality.

Theorem 7.1.5. Let T > 0 and u be a positive solution of dyu = Ku in (0,T) x RN. Given
0<t; <ty<Tandx,zy € RY, it holds that

ulty,z) < (?)gexp (1 inf @(y)) u(ts, 23).

1 4 ’YG.Azl 329

Proof. The proof is based on the differential Harnack inequality presented in Section 7.1.1.

We know that « satisfies ATV
2t U

in (0,7) x RY. We consider a smooth R"-valued vector field W = W (¢, z) and add the term
2(AVu, W) +u(AW, W) to both sides of the above differential Harnack inequality to deduce

A
~Yu+ %u + 2{AVu, W) + u(AW, W) > 2(AVu, W) + u(AW, W) + VeV VZ’ v
1

Choosing any v € A, .,, we define the smooth vector field 1V as

1
Wit z) = (514517(0), 0,... ,0)

and calculate

mo N N

d :

EUW) = <(VU7 dru), O + Z%’azi - Z%‘ Z bz’jazj>
i=1 =1 j=1
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= S (Ol + Do+ <<w DD bm@wj>

i=1 i=1  j=1

) <A[w1 (). %Aow<0>> ~ {y, BIVl(9)) + dhulr)

1

=2 (v, 34750 ) - ).

The above equation together with the perturbed differential Harnack inequality shows that

d 1
() + ulr) + u) A5, 40)
= —[Yul(y) + %U(v) +2 <A[VU] (), %Ao 17(0)> + iu(v)@‘lo 140,50 > 0.

Dividing this inequality by u and then integrating with respect to the time variable of the
IC-admissible path gives

Q
2

(In(tz) — In(t:)) + = / (A5 40 (5), 40 (s))ds > 0.

In(u(wy,t2)) — In(u(zy,t1)) + 4/,

Exponentiating and taking the infimum over all v € A,, ., shows the Harnack inequality. [

Remark 7.1.6. It remains to investigate the properties of inf . We are going to show that
the infimum is always attained by a polynomial C-admissible path. In the case of r = 1,2 one
is able to calculate the exact value of inf & and to show that the bound given in the Harnack
inequality is actually sharp. We refer to [PP04a, Corollary 1.2] for further information on this
matter. We are going to calculate inf ® for the classical Kolmogorov equation after some
preparation.

Remark 7.1.7. In the celebrated paper [LY86] the authors prove a similar Harnack inequality
for the heat equation on manifolds using a differential Harnack inequality. We want to high-
light two differences between both approaches. The first is the first order term (x, BV) which
appears in the Kolmogorov equation. One might say that this leads to a different geometry of
the space and therefore one has to consider the set of K-admissible paths in the derivation
of the Harnack inequality. Another difference is how the differential Harnack inequality is
derived. In [LY86] the differential Harnack inequality is derived by making use of the strong
maximum principle. The proof of the differential Harnack inequality for Kolmogorov type op-
erators heavily relies on the fundamental solution. For the heat equation in R"™ one could
prove the differential Harnack inequality using the fundamental solution as well. To do so,
denote by g(t,z) = (4nt)" = exp (—%) the fundamental solution of the heat equation and
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note that .
Org(t,7) = = 9(t @) (7.1.5)
as well as .2 ,
2 _ _g t?'r x_@

Therefore, we conclude

2 2
n n n n || Vg

WH g9 = RT3 97 59 T 9 T Y
Arguing as in section 7.1.1, we can recover the classical differential Harnack inequality for

positive solutions
2
O+ —u > [V
! 2t~ w
Unfortunately, in general, there is no closed formula for the fundamental solution of the heat

equation on a manifold.

Proposition 7.1.8. Given z, z, € RV*!, we call a function v € A, ., acritical point of @ if

t2

Ab(r0) = [ (4550, 0 (s))ds =0
t1

holds for all p € Ao . Afunctiony € A,, ., is a critical point of ® if and only if y is a minimum

of ®in A, .,.

Proof. Suppose that v € A,, ., is a critical point of @, then for every ¢ € A,, ., it holds that
v — ¢ € Ap and therefore we conclude

D(p) = B(v) +2d2(7y,7 — ) + B(v — ¢) > P(v).

This shows that infc 4., ., ®(¢) = ®(v). If conversely v € A, ., is the minimum of @, then,
given n € Ay, we have v + tn € A,, .,. Therefore, it must hold that

d
0= (v +tn) =2d2(y,n)
t=0
for all n € Ay which means that - is a critical point of ®. O

Remark 7.1.9. In the remaining section we are going to consider only the case that A, =
Id,,,. Since the definition of a K-admissible path does not depend on A, we might just
change the scalar product in the definition of ® to the equivalent scalar product (z,y) 4, :=
(Ay'z,y) and therefore reduce the situation to the case Ay = Id,y,,.
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We want to introduce a neat representation of paths v which will be crucial in the proof
of existence of critical points of ®. Using this representation, we will deduce a simplified
formula for d®. Setting M, = 1d,,, and My = (=1)*B}F ... BT for k = 1,...,r, equation
(7.1.4) implies

d* ©
= M, 7.1.6
a! kY ( )
fork =0,...,r. We introduce the linear subspaces V,, C R™ for k = 0,...,r as follows. We

define Vo = N (M), V, = N(M,)* and the remaining subspaces V;, C N (My1) \ N (My)
inductively by the relation

Vi® Vi1 @+ @V, = N(My)~.

This is well-defined, since N (M;,.1)* € N(M,)*. Thus, every K-admissible path + can be

uniquely represented as

7(0) — 7(070) + “ e + 7(077')

for functions (%) with values in V;,. It is

k T T
ar!
h=k h=k+1

fork =0,...,r, since My %" =0forallh=0,...,k— 1. Since each matrix M, € R0
is of rank my, there exists a unique right inverse, denoted by Mk‘l. Givenk =0,...,r, we

conclude that
7(o,k) M dt’ﬂ Z ’y (0,h)
h=k+1

We have shown that for arbitrary v € Ay, and n € Ay, we may rewrite d® as

dd(,

p dFtt Om) (), M drtt ®) 5 O
—Z/ M, d3k+17 Z g M, d3k+177 Z i’

h=k+1 h=k+1
(7.1.7)

Under suitable conditions on 1(®) we are able to deduce an even simpler representation of
d®. This is the statement of the following lemma.

Lemma 7.1.10. Given v € Ay, and n € Ay, such that n)(s) € V; forsome k = 0,...,r
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and for all s € [0, t], we get the following representation of d®

a0(y, ) = (—1 [ (L2 oms) a1 ®s) ) d
(v,m) =(-1) g (), My "™ (s) ) ds.

Proof. This is an immediate consequence of representation (7.1.7) and an orthogonality
property of the spaces V;.. Since () € V,, it follows that ") = 0forall h = 0,... .k —
1,k+1,...,r. The representation

M = My dthn Z n©®)
j=h+1

forall b = 0,...,r shows n®% = M, ' Ly®) Using this information in equation (7.1.7)
gives

t . dk:-i—l (Oh 71 dk:—i—l *)

d®(y,7) =/ My 7™ Z o Mt g™ (s) ) ds
0 h=k+1
e T w LA
- [ e @A@d¢m7<ﬁ®,

since 7% (s) € Vj for all s € [0,t] and hence M, ' &55n®)(s) = LpOR)(s) € V4 for all

s € [0,t]. Integrating by parts and taking into account that due to n € A, there is no
contribution at the boundary, we conclude

t dk+1 ) dk+l
dwmm=A<Mden (M (s )
— (_1)k+1 M*Iﬁ (k)< ), M1t ( ) )ds
- 0 k ds 2k+27 k 77
t
:(_1)k+1/0 < K ds k+2MkZ'70h 1 ( >>ds

r

k+2
e [ <imzv°h ) M >>ds-

Noting that M, 'n®) € V;, we deduce the hypothesis by orthogonality of the appearing
terms. O

By choosing a suitable test function in lemma 7.1.10 we are going to deduce that the minimiz-
ers of ® are polynomial. To simplify the proof, we introduce yet another family of subspaces.
Given v € V4, by setting © = (v,0,...,0) € RY, we may interpret 1}, as a linear subspace of
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RY. We introduce the linear subspaces W, ..., W, of R defined by
Wy=Vi®B"Vi®-- @ (B")"

for k =0,...,r. The direct sum of all V}, is R™° so, since every B]-T is of rank m, the direct
sum of all W;, is R". Therefore, every v might be uniquely written as

N = i i A )
k=0 j=0

for functions ~*) with values in (BT)7V}. The structure of these subspaces can be seen in
the following chart:

R™o Voo @ Vi @ Va 5] S5 V.
R™ B, B, @ --- @& BT,
R (BT)*Ve @ o (B
RN _ . _ i .
R™ (BT)r‘/r
The columns represent the spaces Wy, ..., W,, while one also sees which subspaces de-

termine the k-th component in RY. We recall that due to the fact that B is a block matrix the
subspace (BT)7V, only adds to the j-th component of a vector in R™. To be more precise,
it holds 7% € {z € RN | 2 =0 Vi # j}. Therefore, we might interpret ~\*) either as a
vector in R or in R™*.

With this convention in mind it holds
yk3) = — BT h=19) (7.1.8)

forallk=0,...,7and any j = k,...,r. This can be seen by differentiating the representa-
tion of the k-th component of + in terms of W,

A = 7 k),
=k
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Using equation (7.1.4), we get that

iﬁ(hj):,’y(’f):_BkT(Z ’Yk 1])) ZBT (k— 1]
j=k

J 1

since Vj_1 C N(M;). By the uniqueness of the representation in terms of W}, we deduce
equation (7.1.8).

Equation (7.1.8) readily implies

dn A _
@V(k’]) = (=1)"M, -+ Myg_py™"9) = MMy ) (7.1.9)

forallk=0,...,r,h=0,....kandj=k,...,r

Proposition 7.1.11. Let v € A .. Then ~ is a critical point of ® in A, . if and only if for all
k=0,...,r the function v(°* is a polynomial of degree less or equal k + 1.

Proof. To deduce the necessity of this condition, let v € Ay . be a critical point. Given
k € {0,...,7}, we choose v € V, and ¢ € C°([0,t];R) = {a € C*([0,t];R) | «(0) =
a(t) = 0}. Inlemma 7.1.10 we want to use the test function defined by

dk dk 1
n:(d—;: ,dk(’fMlv @Mkv,O,...O).

Clearly, itis n € COO([O,t];]RN“). Since it is ©(0) = ¢(t) = 0, we have 1(0) = n(t) = 0.
Further, we have n(*)(s) € V; for all s € [0,t] because ¢ is scalar and v € V}, and it holds
that

) d dk j - dk—j—i—l _
: _ ‘ _ _pT,-1
W) = = L PMv = =B Moy = —BinY )

dsk—it1
forall j =1,..., k. Finally, it holds

ﬁ(k+1) =0= _BkTHgoMkU = —Bg+1n(k)v

sincev € V, C N(M,1) andfor j = k+2, ..., r above identity trivially holds, too. Therefore,
we conclude n € Ay and are able to apply lemma 7.1.10 to deduce

k+1 ' e 0,k 1,(k
0=d®(y,n) = (=1 / <dsk+27( '(s), M "' )>d5
0
_ ot [T omg) v d
- ( ) 0 dsk+2,y ( ) k EpU S

k+1 dk+2 (0,k)
= 0t [0, )as
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by taking into account that v € Vi, € N (M;)* and thus M, ' Myv = v. Since it is 7(**)(s) €
Vi for all sand v € V), was arbitrary, we conclude using the fundamental lemma of calculus
of variations that dk+2’}/( = 0. This shows that for all k = 0, ..., r the function v(**) is a
polynomial of degree less or equal than k& + 1.

To show the converse implication, we observe that by above calculation we get d®(v,7) = 0
for all n € Ay such that 7 is of above form. The claim would now follow by linearity of d® if
we may write every n € Ay as a linear combination of such functions. To see this, we need
the representation of 7 in terms of the subspaces W),. Surely, we can write n = 3, _ 7 for
functions 7 with values in . Let k = 0,...,r and assume that V}, = span{v}, then there
are functions ni, € C*°([0,t];R), i =0, ..., k such that

e = (77207 77]1;71]\/[1% 77]]272M2U7 s 77]2Mkva 0... 70) :

Differentiating the k-th component j-times and applying equation (7.1.4), we see that

d’ B d’ (k)
d jnkMk/U d j

= Thf(_l)]BkT T BkajHMk—jU = niMkU

. s
= (=1/B{--- Bl m

and therefore conclude d—Jnk = 77k forall j = 0,...,k. So n is of the desired shape. Also
due to the the direct sum property it must hold that ¥ € C$°([0,¢]; R). If dimV; > 1, we
proceed as before but choose a base of V), and therefore have to repeat the above step for
every basis vector. This shows that above condition is actually sufficient for v to be a critical
point of d. ]

Example 7.1.12. We want to calculate the admissible paths corresponding to the Kolmogorov
operator which are critical points of ®. Lett > 0 and x € RY. An admissible path to the
points 0 and (¢, z) is a function v € C°°([0, ¢]; R¥*1) such that v(0) = 0, v(t) = (¢, ) and

7 () = 7O (s) (7.1.10)

orall s € [0,t]. The subspaces V;, V; are given by V; = {0} and V; = R™. Therefore, by
proposition 7.1.11, we know that 7(?) is a polynomial of degree at most 2. We make the
ansatz 79 (s) = a15® + ays + as with vectors ay, ay, as € R™. In view of equation (7.1.10)
it must hold that vV (s) = s%a; + $ass® + ass + ay for a vector oy € R™. The conditions
above then show that it must hold

1 1
g = O, Oéth + ast = SIZ'(O), ays =0 and gthél + 50&2t2 = ;C(l) (71 11)
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This linear system (7.1.11) can be solved for oy, as. It is

3 6 2
0 _ = .(1) _ 2.0 4 2 .(1)
th th and oy = t$ %—th

352 2s 6s®>  6s
(0) I (0) o2 22 (1)
7 (S)_<t2 t)x +( t3+t2)m '

6s 2 12s 6
- (0 _ 0 1)

(5 (35 (2 2) e
2
(-5 +5) 1P
2
- (BT n) o
N (_14432 725 | 48s 24> (2, 20

ap =

and therefore

We calculate

and deduce

(1(s), 4 (s))

+

1o * 4 + t4 t3
144s*  144s 36
(a2 S ooy

16 1o t

Integrating over the interval [0, t|, we conclude

t
) 12
D= [ G0610) ds = IO - 5 (@0,20) + 5 o]
0
We recall that in example 3.1.13 we calculated
_ 4 12 12
Ct) o, x) = gﬂx(o)HQ -3 (2@ M) 4 2|20

so that it is ®(y) = (C(t)"'x,z) and by proposition 7.1.11, it holds inf,c4, , . P(p) =
(C(t) Lz, x) forall (t,z) € RNFL.

Theorem 7.1.13. For all 21, zo € RN there exists a unique y € A., ., such that

®(y) = inf  O(p).

PEAL 29

Proof. We are going to show that it suffices to prove the claim for z; = 0 and 2z, = 2. We

103



7 Harnack inequalities for Kolmogorov equations

recall that K — 0, is invariant with respect to the left translation defined by
(t,x)o (&)= (E+ E(T)z,t+7)

for all (t,z), (&, 7) € RVTL. Let us assume that the hypothesis holds true for 2; = 0 and
29 = z. Given arbitrary z; = (¢;, 1) and z = (t2, x2), we define z; = 0 and

Zy = (ta — t1, w9 — E(ty — t1)x1).

Let z; = (z1,t1), 20 = (22,12) € RY and define z = (23 — E(ty — t1),ts — t;). We want
to show that there is a one to one correspondence of A, ., and A, .. Let v € A, and
define J(t) = y(t — 1) + E(t — ty)z; for t € [t1,ts]. Then 7 € C°([ty,to]; RV 1) and
F(t1) = v(0) + E(0)x; = x as well as A(t2) = xo — E(ty — t1)x1 + E(ts — t1)x1 = x2. It
remains to verify the condition on the tangential vector. It holds

Y(t) =t — t1) + (E(ty — t1)x1, BV)

— iaﬂ(t —t) — (y(t —t1),BV) + 0, + (E(ty — t1)x1, BV)
=340~ (30, BY) +9,
— ZW) -Y(H)

so that ¥y € A., .,. Conversely, given v € A,, .,, we define 5(t) = ~(t + t1) — E(t)zy, then
it holds 7 € Ay .. This transformation is clearly injective and the cost function is actually
invariant under this transformation. To be more precise, let v € A, . and define ¥ € A, .,
as above, then

B(y) = / (A5759(5), 59 (s))ds

= /t2 <A61§(0)(T)’ fy(o)(r»d?“ + /t2 <A51[BTE<t _ t1)$1](0)7 [BTE(t _ tl)lﬁl](o)>d7“

t1 t1

t2 . .
— [ 140300+ 0 = 0(3),
t1

since [BTz]; = 0 forall x € RY and all i = 1,...,my. We have shown that it suffices to
prove the hypothesis in the case of z; =0 and 2z, = z € RV Let z € RV and v € A...

It holds
dh

ﬂ,}/(k,lc) — MkMkf_lh,y(kfh,k)
S
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forall h =0,...,k. Fromlemma 7.1.11 we know that

2k+1

YR (s) = Y ays?
=0

with vectors «; € R™+ ™1 It must hold v(0) = 0 and therefore it is

dk

or equivalently ay = - -- = a; = 0. Consequently, y**) = sk+14(5) for a polynomial

with vectors 3; € R™+~™+1, The terminal condition (¢) = x leads to

l'(k7k) _ ’}/(k’k) (lf) — tk:-i-lﬁo
—Bra W =300 (1) = (k + )16, + 1"y

d* Z’“ k\ (k+1)!

J=0

Thus, defining the vectors 3; inductively from top to bottom leads to a unique solution. We
have shown that there is a unique polynomial K-admissible path satisfying the sufficient

condition in lemma 7.1.11. This shows the theorem.

Example 7.1.14. Let us consider the Kolmogorov equation. In example 7.1.12 we have
calculated @ () for the K-admissible minimizer v € A, .. Arguing as in the proof of theorem
7.1.13, we can also deduce the value of ®(v), v € A,, ., for arbitrary z;, 2, € RV, It holds

(I)(’}/) == <C_1(t2 — tl)(l’g - E(tg — tl)l’l), To — E(tQ — tl)l’1>

for the minimizer vy € A,, ., of ®in A,, ,.
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7.2 Kolmogorov equations with rough coefficients

Inspired by the work of Ennio De Giorgi, Jurgen Moser and John Nash it is natural to ask
whether one can prove a Harnack inequality for the Kolmogorov equation with rough, i.e.
bounded and measurable, diffusion coefficients, too. In this sense, letn € N, N =2n,T > 0
and A € L>°(RN*1; R™") be a bounded and measurable strictly elliptic function of matrices.
In particular, there exists a constant A > 0 such that

1
Mel < (Al 0,06, ) < 5 1€
for all ¢ € R™ and all (¢,v,2) € RVTL. We consider the partial differential equation
Owu(t,v,x) +v - Vyu(t,v,x) = div,(A(t, v, ) Vu(t, v, x)).

The answer to the question whether a Harnack inequality holds in this case has been found
recently by the authors of [GIMV16]. We are going to present their main result in the following
section. To simplify the statement, we introduce the cylinders

Qr(t,v,2) = (t — 1% 1] x B.(v) x Bus(z) CR x R" x R"

for » > 0. We have already seen that the scaling of these cylinders is very natural in the
context of the Kolmogorov equation. This is due to the fact that the dilation group preserves
the structure of the cylinders. We want to define the notion of a weak solution of equation
(7.2). The subscript ¢, v, z for example in L2 or W™ is to clarify that a function is an element
of these spaces only in the specified variable.

Definition 7.2.1. Let I be a bounded interval, 2, C R™ and €2, C R"™ open sets. We say
that a function u € L{°(I; L2 (2, x Q) N L7 (I x Q5 W,?(9Q,)) such that du + v - Vu €
L7 (I x Qqu; W 1%(9,)), satisfying

v

/ (Orp + v - Vep)ud(t,v, z) = (L) / (A(t,v,2)Vu,Vo)d(t,v, z)
IXQy Xy

IXQy X Qe

forall o € C(1 x Q, x ), is a weak (super-)solution of equation (7.2).

Theorem 7.2.2. Let u be a nonnegative weak solution of equation (7.2) in the cylinder
@1(0,0,0). There are constants C > 1 and R,§ € (0,1) only depending on dimension
and the ellipticity constant of A such that

sup u<C inf w.
Qr(0,0,—5) Qr(0,0,0)
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While this Harnack inequality is only stated for cylinders close to the origin one can transform
this result to arbitrary points in space. This calculation and a geometric interpretation is
written down in the article [AEP18].

A difference to the classical elliptic-parabolic case is that the cylinders in the statement of the
Harnack inequality cannot be chosen arbitrarily. The admissible location of such cylinders is
deeply connected to the notion of admissible curves which we have studied in section 7.1.2.
More information on this topic can be found in [AEP18].

The local boundedness of solutions to the Kolmogorv equation with rough diffusion coeffi-
cients using the Moser’s iterative method has been studied first in the article [PP04b]. A
different proof is presented in [GIMV16].

The proof of the Harnack inequality in [GIMV16] uses the ideas of Ennio De Girogi. The Har-
nack inequality in the parabolic case was independently proven by Jurgen Moser in [Mos64].
One important tool in the proof of Jirgen Moser is the weak Harnack inequality. It is still
open whether a weak Harnack inequality holds in the kinetic case, too. Let us draft a possi-
ble version of a weak Harnack inequality for the equation (7.2).

Question 7.2.3. Let u be a nonnegative supersolution of equation (7.2) in @; = (0,1) X
B1(0) x B1(0). Is there a p € (0,00) such that there exists a constant C' = C(n, A, p), a
positive radius o < 1 and times ¢, < t; € (0, 1) so that it holds

(|Q_1|/ upd(t,v,x)>p < Cinfu (7.2.1)
-1 Jo._ +

for the nonoverlapping cylinders

Q, = [O,to] X BT(O) X Brfi(())
Q_ = [t1,1] x B,(0) x B,s(0).

Remark 7.2.4. (i) We recall that in the kinetic case the sets in the Harnack inequality can-
not be chosen arbitrarily. Thus, in contrast to the classical statement we should adapt
question 7.2.3 to ask only for the existence of such cylinders so that the inequality
holds.

(i) In the article [IS16] the authors derive a weak Harnack inequality for one p > 0 for
the Boltzmann equation without cutoff. It is the consequence of a result on the prop-
agation of the minima of supersolutions and a so-called ink-spots theorem. A similar
result on the propagation of the minima of supersolutions holds also in the case of the
Kolmogorov equation. It seems likely that one can adapt these methods to our case to
prove a weak Harnack inequality at least for one p.
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We are going to give an upper bound on the optimal p such that a weak Harnack inequality
as in question 7.2.3 can hold. We are going to use the truncated fundamental solution of the
Kolmogorov equation to show that it must hold p < 1 + = =1 + = Let us highlight the fact
that in the classical situation the optimal exponent is glven by 1 + 2 which corresponds to
homogenous dimension equal to () = N, i.e. the diffusive equation without drift.

Proposition 7.2.5. Ifp > 1+ ﬁ then a weak Harnack inequality as in question 7.2.3 cannot
hold.

Proof. We consider the case A(t, v, z) = Id,,. We have already studied this equation inten-
sively in the preceding chapters. Let us denote by I' its fundamental solution as defined in
section 3.1.1. Let £ € N. We introduce the truncated fundamental solution as

Tt vz)  t>
q)k(t’%x)_{f‘(k,vx) | <

el -

This is a weak supersolution to the Kolmogorov equation in a suitable cylinder. We note that
fort > + |t is indeed a solution. Moreover, one can show that ¢, is a weak supersolution
in some set Q = (0,1) x Bg(0) x Bgr(0) where the radius R depends on the dimension.
However, the necessary calculation to obtain this result is not that interesting. For this reason
it is postponed to proposition B.0.8 in the appendix.

Let us estimate the infimum of &, on any cylinder ), C Q. It holds

foralle € (0,1) sothatife € (3, 2), we deduce that the exponent in the fundamental solution
is nonpositive and therefore it is ®(t, v, z) < ;2 forall £ > 1 .Let0 <ty < t; < 1,thenfork
large enough it holds .

. 0

inf P, < t%_” (7.2.2)

(t1,1)x Br(0)x Br(0)

We are interested in the LP-integral of ®; on an cylinder Q) = (0, ) x B,(0) x B,»(0), where
0 < r,7" < R. Using the Cauchy-Schwarz inequality and Young’s inequality we estimate

/ / / k(t, v, z)Pd(t, v, )
+(0) Y B,/ (0)

3p
2
- co/ —n/ exp —= |U| ) / exp ( (x,v) — — |x\ ) dxdodt
RO t B,/(0) t t
o] 3 3 3
Co — exp (—Z—7 ]v]2> exp - 2| — °p v]* — °P |z ) dedvdt.
% t2np B, (0) t Br’ (0) 2t3 2t t3

v
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7 Harnack inequalities for Kolmogorov equations

Further, we estimate

Ip 2> /T ( Ip 2) n—1
exp| ——= |z|” |dx = exp | ——= |z|7 ) 2" dz
/BT/(O) ( 2t3’ | 0 2t3’ |
3

and similarly

>
/ exp (__p ]v|2) dv > cgtz”
+(0) 2t

where the positive constants ¢y, ¢o, c3 only depend on dimension n and p. Combining the
latter estimates shows that

to .
/ / / (I)k<tav7x)pd(t,?],l‘) > c4/ t*?anrQndt
+ JB.(0) /B,.(0) .

for some constant ¢, = ¢4(d, p) > 0. Finally it holds

%
/ / / O (t, v, 2)Pd(t,v,z) > 0.
0 JB,.(0) /B, (0)

to

[ / tm2rrEndg,

1
k

All in all, we conclude

The latter integral diverges if and only if —2np + 2n < —1, equivalently p > 1 + ﬁ This
shows, together with equation 7.2.2, that the weak Harnack inequality cannot hold in the
casep > 1+ 5-. O

Let us comment on some peculiarities when trying to prove a weak Harnack inequality for
the kinetic diffusion equation. The proof of the weak Harnack inequality for the parabolic
partial differential equation can be for example found in [Mos64]. A crucial step in the proof
is a uniform estimate on the measure of the logarithmic sublevel sets. To obtain these, one
uses the test function %@2, where ¢ is a suitable cutoff function. This leads to an integral of
the gradient of the supersolution. In the nondegenerate case this can be estimated using the
following weighted Poincaré inequality.

Proposition 7.2.6. Consider the weight function 0 # ¢ € C.(RY), satisfying 0 < ¢ < 1,
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7 Harnack inequalities for Kolmogorov equations

such that the superlevel set { > a} is convex for any a < 1. For u € W2?(R") we define

1
:—/ updx,
”90H1,1RN RN

then it holds

2di 2
/ (u(z) — uy)p(x)da < 2HMEUPDP) / IVl pde.
RN HSOHLRN RN

Proof. [Mos64, Lemma 3]

O]

If we want to use this Poincaré inequality in our setting, we are immediately confronted with
the problem that we have no control over the gradient of « in the z-direction. We want to
present a Poincaré inequality which seems more suitable for the degenerate case. It is taken

from [GIMV16] where it is used in the appendix to prove a gain of integrability of V ,u.

Proposition 7.2.7. Let (to, vy, 7o) and let ¢ € C*(R) a cutoff function such that \/¢ €
C>(R), ¢ = 1in[-1,1] and ¢ = 0 for all |z| > 2. We denote ¢r(z) = ¢(R~'z) and define

the cutoff function x»r € C°(R") as
X2r(t, v, x) H@R V) pogs (z; — 2Y).

The weighted mean of a function u with respect to y is set as

. 1
Uor(t) = ) f(t,v,z)xar(v, z)dvde

for some constant ¢ > 0. Let u be a weak solution of (7.2) in some cylinder Q. If

Qsr(to, vo, T0) = (to — 1%, to] X Bsr(vo) X Barys (o) C Q,

there is a constant C' > 0 such that it holds

/Qﬁg(to,vo ,T0)

where Q%’,(thUO,xO) ={(v,z) | (t,v,2) € Qr}

~ 12
fe) = faf warse [ wrae),
3R

t0,v0,Z0)

Proof. [GIMV16, Lemma 29]

O]

A problem of this Poincaré inequality is that one needs information on a cylinder of radius

3R to gain information on the smaller cylinder of radius R.

110



A Appendix

A.1 Basic notions of semigroup theory

Let X be a real Banach space and (7'(t)):>0 a family of bounded and linear operators on X.
We say that T'(¢) is a strongly continuous (Cy-)semigroup if it is 7'(t + s) = T(t)(s) for all
s,t > 0 and it holds t1—1>1<§1+ T(t)xr =z forall z € X. We say that (7'(¢)):>o is quasi-contractive
if there is a constant w € R such that

IT(#)]] < exp(wt)

for all £ > 0. The semigroup is said to be contractive if it is quasi-contractive with w = 0. The
generator of a strongly continuous semigroup is the linear operator

Ay — liy LT —2
h—0+ h

with domain D(A), the set of all x such that this limit exists. We recall that by the Hille-Yosida
theorem the generator of a strongly continuous semigroup is always closed and densely
defined. A subspace D C D(A) is said to be a core of A if the restriction A|,, is closable

and its closure is given by A. The following proposition gives a useful criterion to determine
whether a subspace is the core of a generator.

Proposition A.1.1. Let 7'(t) be a strongly continuous semigroup with generator A. Let
D c D(A) alinear space such that D is dense in X and 7'(t)D C D for all t > 0, then D is
a core.

Proof. [ENOO, Chapter Il, Proposition 1.7] O

Lemma A.1.2. Let S(¢),T(t) be strongly continuous semigroups with generators A and B.
Suppose that D C D(A) is acore and A|, C B, then S(t) = T'(¢) forall t > 0.

Proof. This follows from theorem 4.0.5, since constant sequences converge if and only if
they are equal to their limit. ]
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Definition A.1.3. An operator A: D(A) — X is called accretive if
A+ A)ull = Alfu]

for all w € D(A) and every A > 0. We say that A is m-accretive if A is accretive, densely
defined and there exists A > 0 such that R(\ + A) = X. Moreover, A is quasi-(m-)accretive
if there exists a constant M > 0 such that A + M is (m-)accretive. An operator is called
essentially (quasi-)(m-)accretive if it is closable and its closure is (quasi-)(m-)accretive.

Remark A.1.4. If — A is accretive, one also says that A is dissipative.

From now on, we are going to consider the Banach space X = LP(RY) for p € (1,00). We
remark that most of the definitions also make sense if X is a suitable real Banach lattice.

Definition A.1.5. A linear operator A: D(A) — LP(R") on LP(RY) is called dispersive if
[(Au — Au) "l mn > Allu™[|, gy (A.1.1)

forall A\ > 0 and all w € D(A). The operator A is called m-dispersive if A is densely
defined and R(A — A) = LP(RY). We call A quasi (m-)dispersive if there is a positive
constant M > 0 such that A — M is (m-)dispersive. Furthermore, we say that an operator is
essentially (quasi-)(m-)dispersive if it is closable and its closure is (quasi-)(m-)dispersive.

We denote by ¢ € (1,00) the dual exponent to p and identify (LP(RY))" = LY(RY). We
define the set J(u) = {f € LY(R") | |fllqry < 1, f > 0and (u, f) = [[u"[, g~ }. We note

that if it is u € LP(R"), then it holds [lu™[| zv (u™)P~" € J(u).

Proposition A.1.6. If for all u € D(A) there is some f € J(u) such that
(Au, f) <0,

then A is dispersive. Consequently, if it holds (Au, f) < M(u, f) for some M > 0, the
operator A is quasi-dispersive.

Proof. [BFR17, Proposition 11.12] ]

Definition A.1.7. A semigroup (7'(t));>o on LP(RY) is called positive if T'(t)f > 0 for all
nonnegative f € LP(R") and all t > 0. The resolvent R()\, A) is called positivity preserving
if RO\, A)f >0forall0 < f e LP(RY) and any X € p(A).

Proposition A.1.8. Let T'(¢) be a strongly continuous semigroup on LP(RY). It is positive if
and only if the resolvent is positivity preserving.
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Proof. [Jac01, Lemma 4.6.5] O

Theorem A.1.9. Let A: D(A) — LP(RYN) be a linear operator and w € R. The following two
Statements are equivalent:

(i) A is the generator of quasi-contractive positive Cy-semigroup.
(i) A is quasi-dispersive and R(\ — A) = LP(RY) for some \ > 0.

Proof. Using the scaling argument S(t) = exp(—wt)T'(t), this theorem is a consequence of
[Phi62, Theorem 2.1]. ]

Proposition A.1.10. If A: D(A) — L?(RY) is a dispersive semigroup operator, then —A is
an accretive operator. Conversely, if A is dispersive, then — A is accretive.

Proof. This is a consequence of [Phi62, Corollay] and [Phi62, Lemma 2.3]. We note that on
Banach lattice L(R"Y) the map

p2
o] = HprRN/ /gl

defines a semi inner product. Moreover, one readily verifies that [f, g] = [f, g%] — [f, (—9) "]
so that the assumption of [Phi62, Lemma 2.3] is fulfilled. Finally, the claim follows by [Phi62,
Lemma 2.3] noting that an operator A is dissipative if and only if — A accretive. ]

Remark A.1.11. The latter proposition shows that in the Banach lattice LP(R") the con-
cepts of dispersiveness and dissipativeness coincide. An operator A is called dissipative
if and only if —A is accretive. So that A is dissipative if and only if A is dispersive. We
note that sometimes dispersiveness may be easier to verify, since one only has to deal with
nonnegative functions.

Lemma A.1.12. Let A be closable and (quasi-)dispersive operator then the closure is (quasi-
)dispersive as well. The same result holds for accretiveness of operators.

Proof. The first claim is a consequence of [ACK82, Theorem 2.4] and the second one is a
part of the proof of [ENOO, Proposition 3.14]. ]

Let us now collect some results regarding solution of the Cauchy problem

Ou=A t>0
{t“ “’ (A.1.2)

u(0) = ug

for ug € LP(RY).
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Definition A.1.13. We call a function u € C'*([0, 00); L?(R")) such that it holds u(t) € D(A)
and d,u € LP(RY) for all t > 0 a strong solution of the Cauchy problem (A.1.2) if for all t > 0
it holds 0,u = Au and u(0) = uy.

Definition A.1.14. A function u € C([0, 00); LP(RY)) is called mild solution if it holds

/S tu(f)df € D(A)

and

forall 0 < s <t.

Definition A.1.15. A function u € C([0,00); LP(R")) is called weak solution if for all ¢ €
D(A’) the function t — (u(s), ) is absolutely continuous on every interval [0, 7] and it holds

/0 (u(s), ) Bp(s)ds = (o, ) (0) — / (u, A'p)(s)ds

for all p € C>*(RY) and all ) € C=°([0,T)).

Proposition A.1.16. Let A be the generator of a Cy-semigroup, then there is a unique mild
solution for all ug € LP(RY). It is a strong solution if and only if ug € D(A). In this case the
solution is given by t — T'(t)uy.

Proof. [ENOO, Chapter II, Section 6, Proposition 6.2 and 6.4] O

Proposition A.1.17. If A is the generator of a (j-semigroup, then
a function v € C([0,00); LP(RY)) is a mild solution to the Cauchy problem (A.1.2) if and
only if it is also a weak solution.

Proof. [Bal77, Theorem] ]
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A.2 Fractional Sobolev spaces

In this section we collect some properties of fractional Sobolev spaces.

Definition A.2.1. Let s > 0. We define the fractional Sobolev space of order s as
) = fue e | [ (14 1g) IR ae < o
R
For every u € H*(RY) we define

Jull o = Nl + 20N, [ (e [l de.

RN

where . )
C(N,s)"! = 2T COSKL) e
( S) /]RN |€|n+25 5

Definition A.2.2. Given s € [0, 1], we define the fractional Laplacian (—A)*: S — L*(RY)
as

(—A)ulz) = FH(E = (€] [Ful(6)(x)

for all z € RY. In particular, it is (—A)? = Id and (—A)! = —A. We are going to denote by
D® = (—A)? the fractional derivative of order o € [0, 2]. Clearly, D“u is well-defined for any
u € H*(RY). If u = u(t,v, x), the fractional derivative in the position variable is given by

DYu = (=A;)2u=F, (k= |k|" [Fa(k)),

where F, denotes Fourier transform only in the variable x. The fractional derivative with
respect to v is given similarly.

Lemma A.2.3. Let u € H**(RY), then
(D*u, D*u) = (D*u, u).
Proof. Using the theorem of Plancherel twice, we obtain

(D*u, D*u) = ([¢° F(u), [¢° F(u)) = (|¢]** F(u), F(w)) = (D*u,u).

Lemma A.2.4. If u € S(RY), it holds

(Ory0.0) < [0 g 107 g
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foral0 <y <landanyj=1,...,N.

Proof. Let u € S(RY), v € [0,1] and i € {1,..., N}, then by the theorem of Plancherel it
holds

(0, u) = (i&;F (w), F(u)) < (€] F(u), F(u)) = (|€]" F(u), |€]" F(u)) = (D' "u, D).

The Cauchy-Schwarz inequality shows the claim. ]
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A.3 Approximation and smoothing of functions

Definition A.3.1. We say that a sequence of integrable functions (¢oi)reny C L' (RY) is a
Dirac sequence if

(i) forall k € Nitis ¢ > 0,
(ii) forall k € Nitholds [,y ¢rdz =1,

(iii) for all § > 0 it holds

lim prdx = 0.
k=00 JRN\ By (0)

A sequence of measurable functions (¢ )ken, ¥ : R2?Y — R for all k € N is called general-
ized Dirac sequence if (i) holds and
(iiy forallk € N,z € R" it holds fRN or(z,y)dy =1,
(iiiy forall 6 > 0,2 € R" and every sequence z;, — z it holds
lim or(zr, y)dy = 0.
k=00 JRN\Bs ()

Remark A.3.2. If o (-, -) is a generalized Dirac sequence, pi(z, -) defines a Dirac sequence
forall z € RV.

Proposition A.3.3. Let ¢, be a generalized Dirac sequence, (fi)ren C Cy(RY) a bounded
sequence, o € R" and a sequence z;, — x,. We suppose that for all ¢ > 0 there is K € N
and § > 0 sothat | fx(y) — f(xo)| < eforall k > K and any y € R with |y — z¢| < 6. Under
this assumption it holds

lim or(Te, y) fe(y)dy = f(20).

k—oo RN

In particular, choosing f;, = f and any z € R", it holds

lim | (o) fy)dy = ().
oo Jrv

for every sequence z;, — x € RV.

Proof. Let ¢ > 0, then exists § > 0 and K € N such that |y — 29| < ¢ implies
|fe(y) — f(xo)] < e forall k > K. Furthermore, we can choose K so large that for all

k> Kitis
/ or(Tr, y)dy < e.
RN\ Bs(z0)
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We conclude that

| oo o)y = rlao)

< [ orlonn) 1) = Flaoldy
= [ sl 5its) ~ Sl

+ / (e y) [ uy) — Fzo)] dy
RN\Bg(CEo)
<e+ 2| fill o rn &

which shows the first claim. The second claim follows from the first one noting that if f; = f,
the additional assumption is just the continuity of f in any point z € R". O

Proposition A.3.4. Let (¢ )ren be a Dirac sequence. Let p € [1,00) and f € LP(RY), then
op* f— fin LP(RY) as k — oc.

Proof. [Alt16, Theorem 4.15] O

Let us introduce the standard mollifier w € C2°(RY) such that [ v w(z)dz = 1 and suppw C
B1(0). Given ¢ > 0, we define w.(z) = e "w(e'z). If e = { for some k € N, we write wy,
instead. In particular, if w > 0, then the sequence (w. ).~ is a Dirac sequence.

Theorem A.3.5 (Friedrich’s approximation theorem). Let A be a second order differential
operator as in equation (A.1.1) satisfying the assumptions (A1) and (A2). Letu € D(A,),
then

Au*x w, — Au

in LP(RY) ase — 0.

Proof. This is a consequence of [Kat72, Lemma 2] by using the partition RY = [ J:2, B;(0) \
B;(0). O

We further introduce the cutoff functions 7.(z) = n(sz) where n € C*°(R"), 0 < n < 1 such
that » = 1 on B;(0) and n(x) = 0 for all |x| > 2. Furthermore, |V1| is bounded by some
constant. The following lemma collects some useful properties.
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Lemma A.3.6. Given k € N, we set 7, (z) = n(¥) forallz € R". Let p € [1,00). It holds
(i) mr — 1 pointwise on RY,
(ii)

(iii) Vnr — 0 uniformly on RY,

(iv) mif — fin LP(RN) for all f € LP(RY).

V| < - for some constant ¢; > 0,

Proof. The first property follows by definition of 7, the second by differentiation, the third
is an immediate consequence of the second property and the last property follows from the
theorem of dominated convergence. O
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B Technical results

Lemma B.0.1. Let A € RV*" be symmetric and positive semidefinite, then for all z,y € R
it holds

[(Az,y)| < V/(Az,2)\/(Ay, y).

Proof. [Wal16, Proposition 7.10] O

Lemma B.0.2. Let A, B € RV*" be symmetric matrices such that A is positive semidefinite.
Then for all z,y € RY it holds

|(ABx,y)| < Vtr BAB || \/(Ay,y>.

Proof. Let x,y € RY, then by the Cauchy-Schwarz inequality B.0.1 and the compatibility of
the Frobenius matrix norm and Euclidean norm we deduce

‘A%Bx’ < /(Ay, y)\/tr(BAz A2 B) |z|.

|(ABz,y)| = <A%Bx,A%y>( < (A%y

O]

Lemma B.0.3. Let A €¢ RV*Y be symmetric positive semidefinite and let B € RV*Y be
symmetric negative semidefinite. Then tr(AB) < 0.

Proof. Define A. = A + Idy. Note that from
1 1 1 1
(A2BA2x,x) = (BA2x,A2x) <0
1 1
for all z € RY it follows that A2 BAZ is symmetric negative semidefinite. Consequently,
tr(A.B) = tr (Aé AZ B) =tr (A§ BAZ ) <o.

The lemma follows by recalling the continuity of the trace and taking the limit ¢ — 0. O
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Lemma B.0.4. Let f: R" — R", g: R" — [0,00) be measurable functions and A € RV*¥
be a symmetric positive semidefinite matrix such that [~ (Af, f)gdz, [, gdz < co. Then it

holds that
<A/ fgdx,/nfgdx> < /Rn<Af, f>gdx/n gdx.

Proof. We consider the case that A = 1d,, first. We estimate

‘/}RNfgdx 2—i(/RNfigdx)QSg/Rfogdx/gdx—/}Rn |]f\|2gdgg/mgdg,j

i=1
by applying the Cauchy-Schwarz inequality to the functions f;\/g and ,/g. For arbitrary
symmetric positive semidefinite A we proceed as follows. Since A is symmetric and positive
semidefinite, there exists the matrix root Az of A. Further, it holds

<Aé . fng,A% /nfgdx> = <A . fgdx,A% /n fgd:v>
- </nAéfgdx,/nAéfgdx>

< [ 14bsIgde [ gda
R R™
— [ abgatfgds [ g

- [ tarngas [ gan

since Az Az = A and due to the symmetry of A, it holds (A2z, A2z) = (Az, x) forallz € R™.
This shows the claim. ]

=

The following lemma is a classical statement from probability theory. Namely it deals with
the multivariate normal distribution.

Lemma B.0.5. Let A €¢ RV*" be symmetric positive definite matrix. Then

/RN exp <_%<Ax,x>> wdz = 0.

and
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Lastly, it holds

1 _
o o (3000 e = 7,
foralli,j € {1,...,N}.

Proof. [Gut09, Chapter 5] ]

Lemma B.0.6. Let C € RY*" be a symmetric positive definite and (¢,7) € RY. Let B €
RY*N be as in section 3.1 and denote F(t) = exp(—tBT). There exists a constant ¢; =
c1(B,C, R) > 0 and constant R = R(x, B) > 0 such that

(€5, (¢ = E()6) 6, (x = B()¢)) > |¢f*

/s

for every (s,¢) € (0,1) x Bg(x).
Proof. Let R > 0 and (s,&) € (0,1) x Bg(x). We write

(€O (o= E(s)€), 0 (z = E(s)€)) = {Co1_E(s) (€ = E(=s)x) 01 E(s) (€ = E(=s)7))
=(C ()5 (€= E(=s)z), E(1)d 1 (£ = E(=s)z))
=(E ()TCE(l)% (€ — E(=s)z),

s S
L
5

(€= E(=s)2))

by corollary 3.1.10. Since E(1)TCE(1) is positive definite, there exists a constant ¢ such
that
2
(E()TCEM)I (€~ B(=s)2),65 (§ = B(=s)2)) > & |6 (€ — E(=s)a)]

> 2 - B(=s)af
> % (g - |B(~s)al?)

S

for all s € (0,1). If we choose R > 2sup,( 1y |E(—s)z| and ¢; = %, this shows

& 2 2 1 , R? 3¢,
(€83, (@ = B8, (= B} = = (6 = 1B(-o)al?) = 2 (16 - 5 ) = T 1eP

and hence the claim. O

Lemma B.0.7. Let X be a Banach space and (7},),en @ sequence of linear and bounded
operators such that sup,,cy | 75.|| < co. Let D C X be dense in X. If T,,f — f as n — oo for
all fe D,thenT,f — fforall f e X.
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Proof. Lete > 0 and f € X. We choose any g € D such that ||f — g|| < e and N € N such
that ||7,g — g|| < e. It follows that

1Tof = fl S WNTuf = Tagll + 1 Tag — gll + llg = f1l < (sup 1Tl + 2)e
ne

for alln > N. This shows the claimed convergence. ]

Proposition B.0.8. There exists a cylinder @ = (0,1) x Bg(0) x Bg(0) such that the trun-
cated fundamental solution @, from the proof of proposition 7.2.5 is a weak supersolution
of

ou+ v - Vyu = Ayu.

Proof. Let k € N. We recall the definition of the truncated fundamental solution. It is

_JTtvz)  t>
(I)k(t’v’x)_{f‘(k,vm) | <

El I

Y

where I' denotes the fundamental solution of the Kolmogorov equation 0;u + v - V,u = A, u.
We immediately see that ®, is a solution and in particular a supersolution of the Kolmogorov
equation for ¢t > 1. For ¢ < + we calculate

1 1

VP <E’ v, x) =, (va> [—6k%z 4 3k%0]
1

V., P (E, v, :L‘) ( v,x) —2kv + 3k*x }
1 3 2

vV, 0 R Ak —6k°(v, z) + 3k |v|},

1

A, Py, (E’ v, x) ( U,.CE) —2kn + 4k? [v]* — 12k3(x, v) + 9k* ]x|2] .

Combining these equations shows that

1 1 1
v-V,dp (E’ v,x) — A, Py (E’ v,x) = P, (E, v, a:) [an — k2 |v|2 + 6k (2, v) — 9k* |x|2}

1
> (E’U’ :1:) [kn — 4k lv|* + kn — 12k |x|2] >0

12

®;, € C((0,1) x Bg(0) x Br(0)) NC>(((0, 1) U (3,1)) x Br(0) x Br(0)) is a supersolution

on the set ((0, 1) U (3, 1)) x Br(0) x Bg(0), we conclude that ®,, is a weak supersolution of
the Kolmogorov equation in Q = (0, 1) x Bg(0) x Bg(0), too. O

for all (v,z) € B\/E(O) X B\/E(O), since £k > 1. We choose R = ,/15. Finally, since
4 12
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C Notation

Given a function u: RV*! — R, the first argument is considered as time, while the following
arguments represent the space coordinates. V denotes only the space gradient and V,, the
gradient with respect to the variables v. Depending on the context, differential operators are
either viewed as maps on suitable function spaces or as vector fields in RV *! with the same
convention on the order of space and time as in the argument of a function. Exploiting the
notation of a scalar product, we define (v, V) = Zi]il v;0,, forallv € RY,

We are going to consider also linear operators, i.e. linear maps A: D(A) — X in some
Banach space X. If such an operator is closable, we denote by A its closure. If X = LP(RY)
for some p € (1,00), we write A" 1o emphasize the p-dependence of the closure. If A has
nonempty resolvent, we denote by R(\, A) = (A — A)~! the resolvent map.
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Nomenclature

(Co(€), I/l o )
(L), -1l.0)

(WFP(Q), ||l p.02)

D'(Q)

dS(x)

Idy

<'7'>

Space of continuous and bounded functions

Lebesgue spaces of p-integrable functions

Sobolev space of order £ € R and integrability p

Euclidean norm in RV

The set of all distributions in €2

The surface measure on the boundary of a set with smooth boundary
Identity matrix in RV*Y

Depending on the input, this denotes either the Euclidean scalar prod-
uct, the dual pairing of a vector space and its dual or the canonical dual
pairing of LP(RY) and L4(RY)

The kernel of an linear operator

Indicator function or a vector in RV of ones

Operator norm for an arbitrary matrix induced by the p-norm on RV
Partial differentiation with respect to the coordinate z;

The range of an linear operator

Space of Schwartz functions

Vector space of functions that are one time continuously differentiable
in time and twice in space

Vector space of all smooth functions with compact support

Jacobi matrix of a suitable function f: U ¢ RY — RM
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