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Kinetic equations



Here: (t, x , v) ∈ ΩT = (0,T )× Ωx × Ωv ⊂ R1+2n.

Study particle density f = f (t, x , v) : ΩT → R
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Kolmogorov equation

Here: (t, x , v) ∈ ΩT = (0,T )× Ωx × Ωv ⊂ R1+2n,

Study particle density f = f (t, x , v) : ΩT → R solution to

∂tf + v ·∇x f = ∇v · (a(t, x , v)∇v f ) + S

with a : ΩT → Rn×n measurable such that

(H1) λ |ξ|2 ≤ 〈a(t, x , v)ξ, ξ〉 for all ξ ∈ Rn and a.e. (t, x , v) ∈ ΩT

(H2)
n󰁓

i ,j=1
|aij(t, x , v)|2 ≤ Λ2 for a.e. (t, x , v) ∈ ΩT

and some constants 0 < λ < Λ.

Moreover, S : ΩT → R a source term.



Kolmogorov equation

Here: (t, x , v) ∈ ΩT = (0,T )× Ωx × Ωv ⊂ R1+2n,

f = f (t, x , v) : ΩT → R particle density solution to

∂tf + v ·∇x f = ∇v · (a(t, x , v)∇v f )

with a : ΩT → Rn×n measurable, elliptic and bounded.

- Rough coefficients.

- Fokker-Planck equation to the integrated Wiener process.

- (Simplified) Version of the linearised Landau equation.

- For a = Id Kolmogorov constructed fundamental solution in 1934.



Kolmogorov equation

(∂t + v ·∇x)f = ∆v f + S

Consider a = Id.



Kolmogorov equation
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n󰁛
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∂2
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Consider a = Id.

Hörmander operator (type B) - hypoelliptic



Kolmogorov equation a = Id

X0f =
n󰁛

i=1

X 2
i f + S

Hörmander operator (type B) - hypoelliptic

where X0 = ∂t + v ·∇x and Xi = ∂vi .

[∂vi , ∂t + v ·∇x ]f = ∂vi (∂t + v ·∇x)f − (∂t + v ·∇x) ∂vi f = ∂xi f



Kolmogorov equation a = Id

X0f =
n󰁛

i=1

X 2
i f + S

Hörmander operator (type B) - hypoelliptic

where X0 = ∂t + v ·∇x and Xi = ∂vi .

[∂vi , ∂t + v ·∇x ]f = ∂vi (∂t + v ·∇x)f − (∂t + v ·∇x) ∂vi f = ∂xi f

Theorem (Hörmander ’67):

Assume rank condition. If S ∈ C∞, then f ∈ C∞.



Kinetic geometry

∂tf + v ·∇x f = ∆v f

Scaling invariance:

λ 󰀁→ (λ2t,λ3x ,λv)

Translation invariance:

(t0, x0, v0) 󰀁→ (t − t0, x − x0 − (t − t0)v0, v − v0)



Kinetic geometry

∂tf + v ·∇x f = ∆v f

Scaling invariance:

λ 󰀁→ (λ2t,λ3x ,λv)

Translation invariance:

(t0, x0, v0) 󰀁→ (t − t0, x − x0 − (t − t0)v0, v − v0)

Kinetic cylinders:

Qr (t0, x0, v0)

= {−r2 < t − t0 ≤ 0, |x − x0 − (t − t0)v0| < r3, |v − v0| < r3}

Can work at unit scale from now on.



Energy estimate (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Testing (1) with f ϕ2 for a cutoff function ϕ yields (formally):

sup
t∈(−1,0]

󰁝

B1(0)

|f (t, ·)|2 d(x , v) +
󰁝 0

−1

󰁝

B1(0)

|∇v f |2 d(t, x , v) ≲
󰁝 0

−2

󰁝

B2(0)

|f |2 d(t, x , v)

Natural solution space

L∞t (L2x ,v) ∩ L2t,x(Ḣ
1
v )



Weak solutions (1) ∂t f + v ·∇x f = ∇v · (a∇v f ) + S

Definition:

A function f ∈ L∞t L2x ,v (ΩT ) ∩ L2t,x Ḣ
1
v (ΩT ) is a weak (sub-, super-)

solution to (1) if for all ϕ ∈ C∞
c (ΩT ) with ϕ ≥ 0 we have

󰁝

(0,T )×R2n

[−f (∂t + v ·∇x)ϕ+ 〈a∇v f ,∇vϕ〉] d(t, x , v) = (≥, ≤)

󰁝

(0,T )×R2n

Sϕd(t, x , v).



Weak solutions (1) ∂t f + v ·∇x f = ∇v · (a∇v f ) + S

Definition:

A function f ∈ L∞t L2x ,v (ΩT ) ∩ L2t,x Ḣ
1
v (ΩT ) is a weak (sub-, super-)

solution to (1) if for all ϕ ∈ C∞
c (ΩT ) with ϕ ≥ 0 we have

󰁝

(0,T )×R2n

[−f (∂t + v ·∇x)ϕ+ 〈a∇v f ,∇vϕ〉] d(t, x , v) = (≥, ≤)

󰁝

(0,T )×R2n

Sϕd(t, x , v).

Literature:

- Regularity, existence and uniqueness of weak solutions together

with P. Auscher and C. Imbert 24

- previous works: Carrillo 98, Albritton-Armstrong-Mourrat-Novack 24,

N.-Zacher 21, Nyström-Litsg̊ard 21



What can we say a priori about the

regularity of weak (sub-, super-) solutions?



De Giorgi-Nash-Moser theory

Mem. Accad. Sci. Torino. Cl. Sci. Fis. Mat. Nat. (3) 3 (1957), 25–43.



De Giorgi-Nash-Moser theory

Amer. J. Math. 80 (1958), 931–954.



De Giorgi-Nash-Moser theory

C.-G. Axel Harnack, Die Grundlagen der Theorie des logarithmischen Potentiales
und der eindeutigen Potentialfunktion in der Ebene, Teubner, Leipzig, 1887.



De Giorgi-Nash-Moser theory

Correction to: “A Harnack inequality for parabolic differential equations”. Comm. Pure Appl. Math. 20 (1967), 231–236.



De Giorgi-Nash-Moser theory



Moser’s 1971 method

Sobolev inequality testing with f β

Moser iteration testing with f −1 Poincaré inequality

Lp–L∞ estimates weak L1-estimate for the logarithm

Lemma of Bombieri and Giusti

Harnack inequality Hölder continuity



Goal:

Moser’s 1971 method in kinetic theory



Kinetic De Giorgi-Nash-Moser theory



Lp – L∞-estimates



Lp – L∞ estimates (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (Pascucci-Polidoro 04):

Let δ ∈ (0, 1), δ ≤ r < R ≤ 1. There exists C (n,λ,Λ, δ) > 0

such that any positive weak solution f to (1) satisfies

sup
Q−

r

f p ≤ c

(R − r)4n+2

󰁝

Q−
R

f pd(t, x , v) p < 0,

sup
Qr

f p ≤ c

(R − r)4n+2

󰁝

QR

f pd(t, x , v) p > 0.

t

(x , v)

Q−
R

Q−
r

QR

Qr

L∞Lp Lp L∞



Hölder continuity



Hölder continuity (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (Zhang 11, Wang & Zhang 09,11):

Let f be a weak solution to (1) and Q ⊂⊂ ΩT . Then, there

exist constants ε,C > 0 such that f ∈ Ċ ε
kin(Q̄) and

󰀂f 󰀂Ċε
kin(Q̄) ≤ C 󰀂f 󰀂L∞(ΩT )

.

t

(x , v)

ΩT

Q

0 T



Harnack inequality



Harnack inequality (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (GIMV 19):

There exists a universal const C = C (n,λ,Λ) > 0 such that for

any nonnegative weak solution f of (1) in Q̃ we have

sup
Q−

f ≤ C inf
Q+

f .

t

(x , v)

Q+Q−

Q̃

sup f inf f



Overview of the literature

Francesca Anceschi, Helge Dietert, Jessica Guerand, Amlie Loher, Clment Mouhot, and Annalaura Rebucci.
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Towards Moser’s 1971 method in kinetic theory

Sobolev inequality testing with f β

Moser iteration testing with f −1 Poincaré inequality

Lp–L∞ estimates weak L1-estimate for the logarithm

Lemma of Bombieri and Giusti

Harnack inequality Hölder continuity



The logarithm

Suppose that f is a positive weak supersolution to

∂tf + v ·∇x f = ∇v · (a(t, x , v)∇v f )

then the g = log f is a weak supersolution to

∂tg + v ·∇xg = ∇v · (a∇vg) + 〈a∇vg ,∇vg〉.



Lemma of Bombieri and Giusti

Lemma (Moser 71, Bombieri and Giusti 72):

Let (X , ν) be a finite measure space, Uσ ⊂ X , 0 < σ ≤ 1 measurable

with Uσ′ ⊂ Uσ if σ′ ≤ σ. Let C1,C2 > 0, δ ∈ (0, 1), µ̃ > 1, γ > 0.

Suppose 0 ≤ f : U1 → R satisfies the following two conditions:

- for all 0 < δ ≤ r < R ≤ 1 and 0 < p < 1/µ̃ we have

sup
Ur

f p ≤ C1

(R − r)γν(U1)

󰁝

UR

f pdν

- sν({log f > s}) ≤ C2µ̃ ν(U1) for all s > 0.

Then

sup
Uδ

f ≤ C µ̃,

where C = C (C1,C2, δ, γ).



Towards Moser’s 1971 method in kinetic theory

Sobolev inequality testing with f β

Moser iteration testing with f −1 Poincaré inequality

Lp–L∞ estimates weak L1-estimate for the logarithm

Lemma of Bombieri and Giusti

Harnack inequality Hölder continuity



Jerison’s Poincaré inequality

Theorem (Jerison 86):

Let X1, . . . ,Xm be smooth vector fields satisfying Hörmanders

rank condition. Then,
󰁝

Br

|f − fBr |
2 d 󰃑 Cr2

󰁝

Br

m󰁛

i=1

|Xi f |2 dx .

Here, Br are balls with respect to a natural metric.



Jerison’s Poincaré inequality - kinetic?

Theorem (Jerison 86):

We have
󰁝

Qr

|f − fQr |
2 d(t, x , v) 󰃑 Cr2

󰁝

Qr

|∂t f + v ·∇x f |2 + |∇v f |2 d(t, x , v).

Here, Qr are kinetic cylinders.



Jerison’s Poincaré inequality - kinetic?

Theorem (Jerison 86):

We have
󰁝

Qr

|f − fQr |
2 d(t, x , v) 󰃑 Cr2

󰁝

Qr

|∂t f + v ·∇x f |2 + |∇v f |2 d(t, x , v).

Here, Qr are kinetic cylinders.

Need to treat ∂t f + v ·∇x f = ∇v · h, for some h ∈ L2 at the correct scale.



Kinetic Poincaré inequality

t

(x , v)

Q1Q−
1

Q̃

−2−3 −1 0

Theorem (Guerand & Mouhot 22, N. & Zacher 22):

(1) ∂t f + v ·∇x f = ∇v · h

Let g ∈ L1(Q̃;Rn) and ϕ2 be supported in Q−
1 . Then, there

exists a constant C = C (n,ϕ) > 0 such that for all

subsolutions f ≥ 0 to (1) in Q̃ we have
󰀐󰀐󰀐(f − 〈f ϕ2〉Q−

1
)+

󰀐󰀐󰀐
L1(Q1)

≤ C
󰀓
󰀂∇v f 󰀂L1(Q̃) + 󰀂h󰀂L1(Q̃)

󰀔



Kinetic Poincaré inequality

Theorem (Guerand & Mouhot 22, N. & Zacher 22):

Let g ∈ L1(Q̃;Rn) and ϕ2 be supported in Q−
1 . Then, there

exists a constant C = C (n,ϕ) > 0 such that for all

subsolutions f ≥ 0 to (1) in Q̃ we have
󰀐󰀐󰀐(f − 〈f ϕ2〉Q−

1
)+

󰀐󰀐󰀐
L1(Q1)

≤ C
󰀓
󰀂∇v f 󰀂L1(Q̃) + 󰀂h󰀂L1(Q̃)

󰀔

Spacetime Poincaré inequalities are “too weak”.



Trajectories

Euclidean f (v) - Poincaré inequality:

f (v)− f (w) =

󰁝 1

0

d

dr
f (w + r(v − w)) dr



Trajectories

Euclidean f (v) - Poincaré inequality:

f (v)− f (w) =

󰁝 1

0

d

dr
f (w + r(v − w)) dr

Parabolic f (t, v)

f (t, v)− f (η,w) =

󰁝 1

0

d

dr
f (γ(r))dr

with γ : [0, 1] → R× Rn with γ(0) = (η,w) and γ(1) = (t, v).



Trajectories

Euclidean f (v) - Poincaré inequality:

f (v)− f (w) =

󰁝 1

0

d

dr
f (w + r(v − w)) dr

Parabolic f (t, v)

f (t, v)− f (η,w) =

󰁝 1

0

d

dr
f (γ(r))dr

with γ : [0, 1] → R× Rn with γ(0) = (η,w) and γ(1) = (t, v).

Parabolic trajectory: γ(r) = (η + r(t − η),w + r 1/2(v − w))



Trajectories

Euclidean f (v) - Poincaré inequality:

f (v)− f (w) =

󰁝 1

0

d

dr
f (w + r(v − w)) dr

Parabolic f (t, v)

f (t, v)− f (η,w) =

󰁝 1

0

d

dr
f (γ(r))dr

=

󰁝 1

0
(t − η)[∂t f ](γ(r)) +

1

2
r−

1
2 (v − w) · [∇f ](γ(r))dr

with γ : [0, 1] → R× Rn with γ(0) = (η,w) and γ(1) = (t, v).

Parabolic trajectory: γ(r) = (η + r(t − η),w + r 1/2(v − w))



Moser’s 1971 method and parabolic trajectories



Towards Moser’s 1971 method in kinetic theory

Sobolev inequality testing with f β

Moser iteration testing with f −1 Parabolic trajectories

Lp–L∞ estimates weak L1-estimate for the logarithm

Lemma of Bombieri and Giusti

Harnack inequality Hölder continuity



Kinetic trajectories

Can we walk from (t, x , v) to (η, y ,w) along ∂t + v ·∇x and ∂v1 , . . . ∂vn?

(t, x , v)

(η, y ,w)
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Kinetic trajectories

Can we walk from (t, x , v) to (η, y ,w) along ∂t + v ·∇x and ∂v1 , . . . ∂vn?

(t, x , v)

(t, x , y−x
η−t )

(η, y , y−x
η−t )

(η, y ,w)

∇v
∂t + v ·∇x ∇v



Kinetic trajectories

Can we walk from (t, x , v) to (η, y ,w) along ∂t + v ·∇x and ∂v1 , . . . ∂vn?

(t, x , v)

(t, x , y−x
η−t )

(η, y , y−x
η−t )

(η, y ,w)

∇v
∂t + v ·∇x ∇v

J. Guerand and C. Mouhot. Quantitative De Giorgi methods in kinetic theory, J. École polytech. - Math. 9 (2022), 1159-1181.



Kinetic trajectories

Can we walk from (t, x , v) to (η, y ,w) along ∂t + v ·∇x and ∂v1 , . . . ∂vn?

L. N. and R. Zacher. On a kinetic Poincaré inequality and beyond, arXiv:2212.03199 (2022).

(t, x , v)

(η, y ,w)
∇v ∂t + v ·∇x



Kinetic trajectories

Definition:

Let (t, x , v) and (η, y ,w) ∈ R1+2n with η ∕= t. A kinetic trajectory
is a map

γ = γ(r) = γ(r ; (t, x , v), (η, y ,w)) = (γt(r), γx(r), γv (r)) ∈ R1+2n

defined for r ∈ [0, 1] that is

- continuous on r ∈ [0, 1] (and in particular bounded),

- differentiable on r ∈ (0, 1),

- with endpoints γ(0) = (t, x , v) and γ(1) = (η, y ,w),

- satisfying the constraint γ̇x(r) = γ̇t(r)γv (r) for r ∈ (0, 1).



Kinetic trajectories

Definition:

Let (t, x , v) and (η, y ,w) ∈ R1+2n with η ∕= t. A kinetic trajectory
is a map

γ = γ(r) = γ(r ; (t, x , v), (η, y ,w)) = (γt(r), γx(r), γv (r)) ∈ R1+2n

defined for r ∈ [0, 1] that is sufficiently smooth

- with endpoints γ(0) = (t, x , v) and γ(1) = (η, y ,w),

- satisfying the constraint γ̇x(r) = γ̇t(r)γv (r) for r ∈ (0, 1).

For g : R1+2n → R smooth

d

dr
g(γ(r)) = γ̇t(r)[∂tg ] + γ̇x(r) · [∇xg ](γ(r)) + γ̇v (r) · [∇vg ](γ(r))

.



Kinetic trajectories

Definition:

Let (t, x , v) and (η, y ,w) ∈ R1+2n with η ∕= t. A kinetic trajectory
is a map

γ = γ(r) = γ(r ; (t, x , v), (η, y ,w)) = (γt(r), γx(r), γv (r)) ∈ R1+2n

defined for r ∈ [0, 1] that is sufficiently smooth

- with endpoints γ(0) = (t, x , v) and γ(1) = (η, y ,w),

- satisfying the constraint γ̇x(r) = γ̇t(r)γv (r) for r ∈ (0, 1).

For g : R1+2n → R smooth

d

dr
g(γ(r)) = γ̇t(r)[∂tg ] + γ̇x(r) · [∇xg ](γ(r)) + γ̇v (r) · [∇vg ](γ(r))

= γ̇t(r)[∂tg + v ·∇xg ](γ(r)) + γ̇v (r) · [∇vg ](γ(r)).



Literature on trajectories

- Early works by Carathéodory 09, Rashevskii 38 and Chow 39.

- Breakthrough by Nagel, Stein and Wainger 85.

- Lots of works on Geometric Control theory.

- Trajectorial proof of Jerison’s Poincaré inequality by

Lanconelli-Morbidelli 00.

- Kinetic trajectories are constructed in Pascucci-Polidoro 04.

In none of these results X0 and X1, . . . ,Xn are treated at the right scale.



Critical kinetic trajectories

Today γ̇t = η − t.



Critical kinetic trajectories

Today γ̇t = η − t.

A kinetic trajectory is called a critical kinetic trajectory

if it additionally satisfies

󰀏󰀏󰀏
󰀃
∇y ,wγ(r ; (t, x , v), (η, y ,w))−1

󰀄
·;2

󰀏󰀏󰀏 ∼ |γ̇v (r)| ∼ r−
1
2

as r → 0, r ∕= 0.



Critical kinetic trajectories

Today γ̇t = η − t.

A kinetic trajectory is called a critical kinetic trajectory

if it additionally satisfies

󰀏󰀏󰀏
󰀃
∇y ,wγ(r ; (t, x , v), (η, y ,w))−1

󰀄
·;2

󰀏󰀏󰀏 ∼ |γ̇v (r)| ∼ r−
1
2

as r → 0, r ∕= 0.

Trajectories constructed in N.-Zacher 22 are not critical.

Neither are the ones in the follow-up work:

F. Anceschi, H. Dietert, J. Guerand, A. Loher, C. Mouhot, and A. Rebucci.

Poincaré inequality and quantitative De Giorgi method for hypoelliptic operators, 2024.



Critical kinetic trajectories

Lemma (DMNZ 24):

There exists a family of critical kinetic trajectories given by

γ(r) =

󰀳

󰁃
γt(r)
γx(r)
γv (r)

󰀴

󰁄 =

󰀳

󰁃
t + (η − t)r

Aη−t(r)

󰀕
y
w

󰀖
+ Bη−t(r)

󰀕
x
v

󰀖
󰀴

󰁄

with properties such as

- Aη−t(0) = 0, Aη−t(1) = Id2n and Bη−t(0) = Id2n, Bη−t(1) = 0

- detAη−t(r) = r2n, detBη−t(r) ≈ (1− r)2n

- spatial uniform control γ(r) ∈ Q̃

- criticality, i.e. |γ̇v | ≲ r−
1
2 and

󰀏󰀏󰀏
󰀃
∇y ,wγ(r ; (t, x , v), (η, y ,w))−1

󰀄
·;2

󰀏󰀏󰀏 =
󰀏󰀏(A−1

η−t)·;2
󰀏󰀏 ≲ r−

1
2 .



Construction of kinetic trajectories

Ansatz:

γ̇t = η − t and γ̇v = g̈0(r)m0 + g̈1(r)m1

for two forcings g̈0, g̈1 : [0, 1] → R and vectorial parameters m0,m1 ∈ Rn.



Construction of kinetic trajectories

Ansatz:

γ̇t = η − t and γ̇v = g̈0(r)m0 + g̈1(r)m1

for two forcings g̈0, g̈1 : [0, 1] → R and vectorial parameters m0,m1 ∈ Rn.

Integration yields
󰀻
󰀿

󰀽
γ̇v (r) = g̈0(r)m0 + g̈1(r)m1

γv (r) = ġ0(r)m0 + ġ1(r)m1 + v .



Construction of kinetic trajectories

Ansatz:

γ̇t = η − t and γ̇v = g̈0(r)m0 + g̈1(r)m1

for two forcings g̈0, g̈1 : [0, 1] → R and vectorial parameters m0,m1 ∈ Rn.

Integration yields
󰀻
󰀿

󰀽
γ̇v (r) = g̈0(r)m0 + g̈1(r)m1

γv (r) = ġ0(r)m0 + ġ1(r)m1 + v

A kinetic trajectory needs to satisfy

γ̇x(r) = γ̇t(r)γv (r) = (η − t)ġ0(r)m0 + (η − t)ġ1(r)m1 + (η − t)v



Construction of kinetic trajectories

Ansatz:

γ̇t = η − t and γ̇v = g̈0(r)m0 + g̈1(r)m1

for two forcings g̈0, g̈1 : [0, 1] → R and vectorial parameters m0,m1 ∈ Rn.

Integration yields
󰀻
󰀿

󰀽
γ̇v (r) = g̈0(r)m0 + g̈1(r)m1

γv (r) = ġ0(r)m0 + ġ1(r)m1 + v

A kinetic trajectory needs to satisfy
󰀻
󰀿

󰀽
γ̇x(r) = (η − t)ġ0(r)m0 + (η − t)ġ1(r)m1 + (η − t)v

γx(r) = (η − t)g0(r)m0 + (η − t)g1(r)m1 + (η − t)rv + x



Construction of kinetic trajectories

Ansatz:

γ̇t = η − t and γ̇v = g̈0(r)m0 + g̈1(r)m1

for two forcings g̈0, g̈1 : [0, 1] → R and vectorial parameters m0,m1 ∈ Rn.

Integration yields
󰀻
󰀿

󰀽
γv (r) = ġ0(r)m0 + ġ1(r)m1 + v

γx(r) = (η − t)g0(r)m0 + (η − t)g1(r)m1 + (η − t)rv + x

Endpoint condition determines the vectorial parameters
󰀻
󰀿

󰀽
γx(1) = (η − t)g0(1)m0 + (η − t)g1(1)m1 + (η − t)v + x = y

γv (1) = ġ0(1)m0 + ġ1(1)m1 + v = w



Construction of kinetic trajectories

Ansatz:

γ̇t = η − t and γ̇v = g̈0(r)m0 + g̈1(r)m1

for two forcings g̈0, g̈1 : [0, 1] → R and vectorial parameters m0,m1 ∈ Rn.

Integration yields
󰀻
󰀿

󰀽
γv (r) = ġ0(r)m0 + ġ1(r)m1 + v

γx(r) = (η − t)g0(r)m0 + (η − t)g1(r)m1 + (η − t)rv + x

Endpoint condition determines the vectorial parameters
󰀻
󰀿

󰀽
(η − t)g0(1)m0 + (η − t)g1(1)m1 + (η − t)v + x = y

ġ0(1)m0 + ġ1(1)m1 + v = w

Criticality is achieved for a good choice of the forcing.



Weak L1-estimate for log f (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (DMNZ 24):

Let δ, η ∈ (0, 1) and ε > 0. Then for any supersolution f ≥ ε > 0 to (1)

there exists a constant C = C (n, δ, η,λ,Λ) > 0 such that

s |{(t, x , v) ∈ K− : log f (t, x , v)− c(f ) > s}| ≤ C

s |{(t, x , v) ∈ K+ : c(f )− log f (t, x , v) > s}| ≤ C

for all s > 0 with c(f ) =
1

cϕ

󰁝

B

log f (η, y ,w)ϕ2(y ,w)d(y ,w).

t

(x , v)

K− K+

0 η 1

BδB



Proof of the weak L1-estimate

t

x

K− K+

0 η + ιηη − ι 1

Unit size. a = Id for simplicity. Goal:

s |{(t, x , v) ∈ K− : log f (t, x , v)− c(f ) > s}| ≤ C , s > 0



Proof of the weak L1-estimate

Recall

c(f ) =
1

cϕ

󰁝

B

[log f ](η, y ,w)ϕ2(y ,w)d(y ,w).

where

cϕ =

󰁝

B
ϕ2(y ,w)d(y ,w).



Proof of the weak L1-estimate

Recall

c(f ) =
1

cϕ

󰁝

B

[log f ](η, y ,w)ϕ2(y ,w)d(y ,w).

Note that

s |{(t, x , v) ∈ K− : log(f )− c(f ) > s}|

≤
η−ι󰁝

0

󰁝

B

([log f ](t, x , v)− c(f ))+d(t, x , v)



Proof of the weak L1-estimate

Recall

c(f ) =
1

cϕ

󰁝

B

[log f ](η, y ,w)ϕ2(y ,w)d(y ,w).

Note that

s |{(t, x , v) ∈ K− : log(f )− c(f ) > s}|

≤
η−ι󰁝

0

󰁝

B

([log f ](t, x , v)− c(f ))+d(t, x , v)



Proof of the L1-estimate

Recall

c(f ) =
1

cϕ

󰁝

B

[log f ](η, y ,w)ϕ2(y ,w)d(y ,w).

Goal: estimate
η−ι󰁝

0

󰁝

B

([log f ](t, x , v)− c(f ))+d(t, x , v) ≤ C

by a constant.

L1-Poincaré inequality in spacetime without a gradient.



Proof of the L1-estimate

Recall

c(f ) =
1

cϕ

󰁝

B

[log f ](η, y ,w)ϕ2(y ,w)d(y ,w).

Goal: estimate
η−ι󰁝

0

󰁝

B

([log f ](t, x , v)− c(f ))+d(t, x , v) ≤ C

by a constant.

L1-Poincaré inequality in spacetime without a gradient.

Recall: if f is supersolution to (1), then g = log f is a supersolution to

(1) ∂t f + v ·∇x f = ∆v f

∂tg + v ·∇xg = ∆vg + |∇vg |2



Proof of the L1-estimate

For g = log f we have

g(t, x , v)− c(f )

=
1

cϕ

󰁝

B
(g(t, x , v)− g(η, y ,w)))ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0

d

dr
g(γ(r))dr ϕ2(y ,w)d(y ,w)

(1) ∂tg + v ·∇xg = ∆vg + |∇vg |2



Proof of the L1-estimate

For g = log f we have

g(t, x , v)− c(f )

=
1

cϕ

󰁝

B
(g(t, x , v)− g(η, y ,w)))ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0

d

dr
g(γ(r))dr ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0
γ̇t(r)[∂tg + v ·∇xg ](γ(r)) + γ̇v (r) · [∇vg ](γ(r))dr ϕ2d(y ,w)

(1) ∂tg + v ·∇xg = ∆vg + |∇vg |2



Proof of the L1-estimate

For g = log f we have

g(t, x , v)− c(f )

=
1

cϕ

󰁝

B
(g(t, x , v)− g(η, y ,w)))ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0

d

dr
g(γ(r))dr ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0
γ̇t(r)[∂tg + v ·∇xg ](γ(r)) + γ̇v (r) · [∇vg ](γ(r))dr ϕ2d(y ,w)

≤ −η − t

cϕ

󰁝

B

󰁝 1

0
[∆vg ](γ(r)) + |∇vg |2 (γ(r))dr ϕ2(y ,w)d(y ,w)

− 1

cϕ

󰁝

B

󰁝 1

0
γ̇v (r) · [∇vg ](γ(r))dr ϕ2(y ,w)d(y ,w)

(1) ∂tg + v ·∇xg = ∆vg + |∇vg |2



Proof of the L1-estimate

For g = log f we have

g(t, x , v)− c(f )

=
1

cϕ

󰁝

B
(g(t, x , v)− g(η, y ,w)))ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0

d

dr
g(γ(r))dr ϕ2(y ,w)d(y ,w)

= − 1

cϕ

󰁝

B

󰁝 1

0
γ̇t(r)[∂tg + v ·∇xg ](γ(r)) + γ̇v (r) · [∇vg ](γ(r))dr ϕ2d(y ,w)

≤ −η − t

cϕ

󰁝

B

󰁝 1

0
[∆vg ](γ(r)) + |∇vg |2 (γ(r))dr ϕ2(y ,w)d(y ,w)

− 1

cϕ

󰁝

B

󰁝 1

0
γ̇v (r) · [∇vg ](γ(r))dr ϕ2(y ,w)d(y ,w)

Idea: use quadratic gradient term to absorb all gradients

(1) ∂tg + v ·∇xg = ∆vg + |∇vg |2



The forcing terms

Recall that |γ̇v | ≲ r−
1
2 , hence

− 1

cϕ

󰁝

B

󰁝 1

0
γ̇v (r) · [∇vg ](γ(r))dr ϕ2(y ,w)d(y ,w)

≲
󰁝

B

󰁝 1

0
r−

1
2 |∇vg | (γ(r))dr ϕ(y ,w)d(y ,w)



Partial integration (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

󰁝

B
[∆vg ](γ(r))ϕ

2(y ,w)d(y ,w)



Partial integration (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (ỹ , w̃) = Φ(y ,w) = Φr ,t,x ,v ,η(y ,w) := (γx(r), γv (r)).

󰁝

B
[∆vg ](γ(r))ϕ

2(y ,w)d(y ,w)

=

󰁝

Φ(B)
[∆vg ](γt(r), ỹ , w̃)ϕ2(Φ−1(ỹ , w̃)) |detA|−1 d(ỹ , w̃)



Partial integration (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (ỹ , w̃) = Φ(y ,w) = Φr ,t,x ,v ,η(y ,w) := (γx(r), γv (r)).

󰁝

B
[∆vg ](γ(r))ϕ

2(y ,w)d(y ,w)

=

󰁝

Φ(B)
[∆vg ](γt(r), ỹ , w̃)ϕ2(Φ−1(ỹ , w̃)) |detA|−1 d(ỹ , w̃)

= −
󰁝

Φ(B)
〈[∇vg ](γt(r), ỹ , w̃),∇vϕ

2(Φ−1(ỹ , w̃))〉 |detA|−1 d(ỹ , w̃)

= −2

󰁝

Φ(B)
〈[∇vg ](γt(r), ỹ , w̃), [∇ϕ]T (Φ−1(ỹ , w̃))(A(r)−1)·2〉

ϕ(Φ−1(ỹ , w̃)) · |detA|−1 d(ỹ , w̃)



Partial integration (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (ỹ , w̃) = Φ(y ,w) = Φr ,t,x ,v ,η(y ,w) := (γx(r), γv (r)).

󰁝

B
[∆vg ](γ(r))ϕ

2(y ,w)d(y ,w)

=

󰁝

Φ(B)
[∆vg ](γt(r), ỹ , w̃)ϕ2(Φ−1(ỹ , w̃)) |detA|−1 d(ỹ , w̃)

= −
󰁝

Φ(B)
〈[∇vg ](γt(r), ỹ , w̃),∇vϕ

2(Φ−1(ỹ , w̃))〉 |detA|−1 d(ỹ , w̃)

= −2

󰁝

Φ(B)
〈[∇vg ](γt(r), ỹ , w̃), [∇ϕ]T (Φ−1(ỹ , w̃))(A(r)−1)·2〉

ϕ(Φ−1(ỹ , w̃)) · |detA|−1 d(ỹ , w̃)

= −2

󰁝

B
〈[∇vg ](γ(r)), [∇ϕ]T (y ,w)(A(r)−1)·2〉ϕ(y ,w)d(y ,w)

≲ r−1/2

󰁝

B
|∇vg | (γ(r))ϕ(y ,w)d(y ,w),



Distributing the good term

(g(t, x)− c(f ))+

≲
󰁝 1

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)dr

for some constant M > 0.



Integrating on K−

󰁝 η−ι

0

󰁝

B

(g(t, x , v)− c(f ))+d(t, x , v)

≤
󰁝 η

0

󰁝

B

󰁝 1

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)



Integrating on K−

󰁝 η−ι

0

󰁝

B

(g(t, x , v)− c(f ))+d(t, x , v)

≤
󰁝 η

0

󰁝

B

󰁝 1

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)

=

󰁝 η

0

󰁝

B

󰁝 1
2

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)

+

󰁝 η

0

󰁝

B

󰁝 1

1
2

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)



Integrating on K−

󰁝 η−ι

0

󰁝

B

(g(t, x , v)− c(f ))+d(t, x , v)

≤
󰁝 η

0

󰁝

B

󰁝 1

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)

=

󰁝 η

0

󰁝

B

󰁝 1
2

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)

+

󰁝 η

0

󰁝

B

󰁝 1

1
2

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)

≤
󰁝 η

0

󰁝

B

󰁝 1
2

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+
d(y ,w)drd(t, x , v)

+ C =: I1 + C

for some C > 0 by Cauchy-Schwarz inequality.



I1 (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (x̃ , ṽ) = Ψr ,t,η,y ,w (x , v) := γx ,v (r) and t̃ = t + r(η − t).

I1 =

󰁝 η

0

󰁝

B

󰁝 1
2

0

󰁝

B

󰀓
Mr−1/2 |∇vg | (γ(r))ϕ(y ,w)− |∇vg |2 (γ(r))ϕ2(y ,w)

󰀔

+

d(y ,w)drd(x , v)dt



I1 (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (x̃ , ṽ) = Ψr ,t,η,y ,w (x , v) := γx ,v (r) and t̃ = t + r(η − t).

I1 ≤
󰁝 1

2

0

󰁝

B

󰁝 η

0

󰁝

Ψ(B)

󰀓
Mr−1/2 |∇vg | (t̃, x̃ , ṽ)ϕ(y ,w)− |∇vg |2 (t̃, x̃ , ṽ)ϕ2(y ,w)

󰀔

+

1

1− r
|detB(r)|−1

d(x̃ , ṽ)dt̃d(y ,w)dr



I1 (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (x̃ , ṽ) = Ψr ,t,η,y ,w (x , v) := γx ,v (r) and t̃ = t + r(η − t).

I1 ≤
󰁝 1

2

0

󰁝

B

󰁝 η

0

󰁝

B̃

󰀓
Mr−1/2 |∇vg | (t̃, x̃ , ṽ)ϕ(y ,w)− |∇vg |2 (t̃, x̃ , ṽ)ϕ2(y ,w)

󰀔

+

d(x̃ , ṽ)dt̃d(y ,w)dr

as Ψ(B) ⊂ B̃ and detB(r) ∼ 1 on (12 , 1).



I1 (1) γx ,v = A
󰀃y
w

󰀄
+ B

󰀃x
v

󰀄

Substitute (x̃ , ṽ) = Ψr ,t,η,y ,w (x , v) := γx ,v (r) and t̃ = t + r(η − t).

I1 ≤
󰁝 1

2

0

󰁝

B

󰁝 η

0

󰁝

B̃

󰀓
Mr−1/2 |∇vg | (t̃, x̃ , ṽ)ϕ(y ,w)− |∇vg |2 (t̃, x̃ , ṽ)ϕ2(y ,w)

󰀔

+

d(x̃ , ṽ)dt̃d(y ,w)dr

as Ψ(B) ⊂ B̃ and detB(r) ∼ 1 on (12 , 1).

Calculating the r -integral from 0 to min{1/2,M2/p2} yields

󰁝 1/2

0

󰀓
r−1/2Mp − p2

󰀔

+
dr ≲ M2

for all p > 0. Here p = |∇vg | (t̃, x̃ , ṽ)ϕ(y ,w).



Moser’s 1971 method in kinetic theory

Sobolev inequality testing with f β

Moser iteration testing with f −1 Kinetic trajectories

Lp–L∞ estimates weak L1-estimate for the logarithm

Lemma of Bombieri and Giusti

Harnack inequality Hölder continuity



Harnack inequality (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (DMNZ 24):

There exists a universal const C = C (n,λ,Λ) > 0 such that for

any nonnegative weak solution f of (1) in Q̃ we have

sup
Q−

f ≤ C inf
Q+

f .

t

(x , v)

Q+Q−

Q̃

sup f inf f



Harnack inequality (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (DMNZ 24):

There exists a universal const C = C (n) > 0 such that for

any nonnegative weak solution f of (1) in Q̃ we have

sup
Q−

f ≤ Cµ inf
Q+

f .

Here, µ = 1
λ + Λ if a is symmetric. Optimal!

t

(x , v)

Q+Q−

Q̃

sup f inf f



Weak Harnack inequality (1) ∂t f + v ·∇x f = ∇v · (a∇v f )

Theorem (DMNZ 24):

There exists a universal C (n, µ) > 0 such that for all p ∈ (0, 1 + 1
2n )

and any nonnegative weak supersolution f to (1) in Q̃ we have
󰀕󰁝

Q−

|f |p d(t, x , v)
󰀖p

≤ C inf
Q+

f .

Optimal range for p.

t

(x , v)

Q+Q−

Q̃

sup f inf f



Moser’s 1971 method in kinetic theory

Sobolev inequality testing with f β

Moser iteration testing with f −1 Kinetic trajectories

Lp–L∞ estimates weak L1-estimate for the logarithm

Lemma of Bombieri and Giusti

Harnack inequality Hölder continuity



Euclidean smoothing

f = f (v) 󰀁→
󰁝

Rn

f (m)ϕ2

󰀕
v −m

r

󰀖
r−ndm =

󰁝

Rn

f (v − rm)ϕ2(m)dmx



Parabolic smoothing

Space

f = f (t, v) 󰀁→
󰁝

Rn

f (t − sr , v − r1/2m)ϕ2(m)dm

Spacetime

f = f (t, v) 󰀁→
󰁝

R1+n

f (t − sr , v − r1/2m)ψ2(s,m)d(s,m)



Kinetic smoothing

Consider γ(s,m) : R → R1+2n with m = (m0,m1) ∈ R2n, s ∕= 0 defined as

γ(s,m)(r ; (t, x , v)) =

󰀳

󰁅󰁃
γ
(s,m)
t (r)

γ
(s,m)
x (r)

γ
(s,m)
v (r)

󰀴

󰁆󰁄 =

󰀳

󰁃
t + s r

As(r)

󰀕
m0

m1

󰀖
+

󰀕
1 s r
0 1

󰀖󰀕
x
v

󰀖
󰀴

󰁄



Kinetic smoothing

Consider γ(s,m) : R → R1+2n with m = (m0,m1) ∈ R2n, s ∕= 0 defined as

γ(s,m)(r ; (t, x , v)) =

󰀳

󰁅󰁃
γ
(s,m)
t (r)

γ
(s,m)
x (r)

γ
(s,m)
v (r)

󰀴

󰁆󰁄 =

󰀳

󰁃
t + s r

As(r)

󰀕
m0

m1

󰀖
+

󰀕
1 s r
0 1

󰀖󰀕
x
v

󰀖
󰀴

󰁄

Space

[Sr (f )](t, x , v) =
1

cϕ

󰁝

B
f (γ(s,m)(r ; (t, x , v))ϕ2(m)dm

Spacetime

[Tr (f )](t, x , v) =
1

cψ

󰁝

Q
f (γ(s,m)(r ; (t, x , v))ψ2(s,m)d(s,m)



Kinetic Sobolev embedding

Theorem (DMNZ 24):

Let f ∈ L2(R1+n; Ḣ1(Rn)) such that ∂t f + v ·∇x f = ∇v · h
for some h ∈ L2(R1+2n;Rn), then

󰀂f 󰀂L2κ(R1+2n) ≤ C
󰀓
󰀂∇v f 󰀂L2(R1+2n) + 󰀂h󰀂L2(R1+2n)

󰀔

with κ = 1 + 1
2n and C = C (n) > 0.



Kinetic Sobolev embedding

Theorem (DMNZ 24):

Let f ∈ L2(R1+n; Ḣ1(Rn)) such that ∂t f + v ·∇x f = ∇v · h
for some h ∈ L2(R1+2n;Rn), then

󰀂f 󰀂L2κ(R1+2n) ≤ C
󰀓
󰀂∇v f 󰀂L2(R1+2n) + 󰀂h󰀂L2(R1+2n)

󰀔

with κ = 1 + 1
2n and C = C (n) > 0.

Local versions. No fundamental solution, only Young-type inequality.



Kinetic Nash inequality

Theorem (DMNZ 24):

Let f ∈ L2(R1+n; Ḣ1(Rn)) ∩ L1(R1+2n) such that we have

∂t f + v ·∇x f = ∇v · h for some h ∈ L2(R1+2n;Rn), then

󰀂f 󰀂1+
2

2+4d

L2(R1+2n)
≤ C

󰁴
󰀂∇v f 󰀂2L2(R1+2n) + 󰀂h󰀂2L2(R1+2n) 󰀂f 󰀂

2
2+4d

L1(R1+2n)

for some C = C (n) > 0.



Kinetic Nash inequality

Theorem (DMNZ 24):

Let f ∈ L2(R1+n; Ḣ1(Rn)) ∩ L1(R1+2n) such that we have

∂t f + v ·∇x f = ∇v · h for some h ∈ L2(R1+2n;Rn), then

󰀂f 󰀂1+
2

2+4d

L2(R1+2n)
≤ C

󰁴
󰀂∇v f 󰀂2L2(R1+2n) + 󰀂h󰀂2L2(R1+2n) 󰀂f 󰀂

2
2+4d

L1(R1+2n)

for some C = C (n) > 0.

Consequence of Sobolev and interpolation.
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