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Kolmogorov equation

Here: (t,x,v) € Q7 = (0, T) x Q, x Q, C R1+29,
Study particle density f = f(t,x,v): Q7 — R solution to

(0 +v-V)f =V, (a(t,x,v)V,f)

with a: Q7 — R9*9 measurable such that

(H1) 0<X:= inf {atxyv)ed)
0££€R? €]
(t7X7V)EQT
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(H2) A:= sup % < 0.
O;EEGRC/ <Cl(t, I )51£>
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Weak solutions

Definition:
A function f € L{° Lf(,V(QT) N Lix HL(Q7) is a weak (sub-, super-)
solution to (1) if for all ¢ € C2°(Q27) with ¢ > 0 we have

/Q [— F(B: + v - Vi) + <ava,chp>}d(t,x, V) = (<, >)0.

Literature:

- Regularity, existence and uniqueness of weak solutions together
with P. Auscher and C. Imbert 24

- previous works: Degond 86, Albritton-Armstrong-Mourrat-Novack 24,
N.-Zacher 21, Nystrom-Litsgard 21



Kinetic De Giorgi-Nash-Moser theory



Holder continuity

Theorem (Zhang 11, Wang & Zhang 09,11):

Let f be a weak solution to (1) and Q CC Q7. Then, there
exist constants ¢, C > 0 such that f € C§,,(Q) and

Iflles @y < Clifllen)-

Qr

(x,v)
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Harnack inequality

Theorem (GIMV 19, GI 22, GM 22):

There exists a universal const C = C(d, A\,\) > 0 such that for
any nonnegative weak solution f of (1) in Q we have

supf < Cinf f.
Q_ Q+

Supf inf f




Weak L!-estimate for log f (1) 0ef + v - Vif =V, - (aV,f)

Theorem (DMNZ 25):

Let 6,7 € (0,1). Then for any supersolution f > 0 to (1)
there exists a constant C = C(d, d,n) > 0 such that

s|{(t,x,v) € K_: log f(t,x,v) — c(f) > s} < C (3 +A)

s|{(t.x,v) € Ki: c(f) — log f(t,x,v) > s}| < C(} + )

for all s > 0 with c(f) = Ci /B log F(17, v, w)g(y, w)d(y, w).
©
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The logarithm

Suppose that f is a positive weak supersolution
(6t + V- vX)f Z vV ° (ava)
then the g = log f is a weak supersolution to

(0t +v-Vy)g >V, (aV,g)+ (aV,g,V,g).



Proof of the weak L!-estimate

Unit scale. a = Id for simplicity. f > ¢ and ¢ — 0™. Goal:

s{(t,x,v) € K_: logf(t,x,v) —c(f) >s}| < C, s>0

K_ K,




Proof of the weak L!-estimate

Recall

/ llog £1(7, y, w)3(y, w)d(y, w).
where

Co = / 902()/7 W)d()/7 W)'
B



Proof of the weak L!-estimate

Recall

/ llog £1(7, y, w)3(y, w)d(y, w).

Note that
sI{(t,x,v) € K_: log(f) — c(f) > s}
7

< 0/ B/ (llog F1(t, %, v) — c(F)+d(¢, %, v)



Proof of the [!-estimate

Recall
o(f) = 1 / llog £1(7, y, w)3(y, w)d(y, w).
B

Goal: estimate
7’] L

o\

/ [log f](t,x,v) — c(f))4+d(t,x,v) < C

by a constant.
L1-Poincaré inequality in spacetime without a gradient.



Proof of the [!-estimate

Recall

o(f) = 1 / llog £1(7, y, w)3(y, w)d(y, w).
B

Goal: estimate
// [log f](t,x,v) — c(f))4+d(t,x,v) < C
0

by a constant.
L1-Poincaré inequality in spacetime without a gradient.

Recall: if f is supersolution to (1), then g = log f is a supersolution to

(at +v- vx)g =Ag+ ]V\,g|2



Proof of the [!-estimate

For g = log f we have

g(t,x,v) — (f)
=i [ (&(t.x.) — 801y, w)) 2. w)d(y. w)

/ [ et 20wt w



Critical kinetic trajectories

Q
K_ K;
(t,X, V) = 7(0)
0B
 (n,y,w) =~(1)
|
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Proof of the [!-estimate

For g = log f we have

g(t.x,v) - ()
= L [ (et v) — g0, v, W) 23y, w)d(y, w)

Co JB
1
:_; L[ are6onr 26w w)

1
- _cl/ / F (N0 + v - Vi)gl(v(r)) + (1) - [Vogl(v(r))dr *d(y, w)
v JBJO



Proof of the [!-estimate

For g = log f we have

g(t.x,v) - ()
= 2 [ (et v) — gy, W) Py, whd(y, w)
B

1
= L] S 2wt w)
1
‘1/ / 3()1(@ + v - V)E(r) + 3(r) - [Vu&l(1(r)dr Py, w)

V81(v(r) +1Vygl? (v(r)dr ¢*(y, w)d(y, w)

- // A (r) - [Vogl(y(n)dr ¢*(y, w)d(y, w)
Co JBJO



Proof of the L!-estimate
For g = log f we have
g(t,x,v) —c(f)
1

= — [ (gt x,v) = g(n.y, w)) ¢*(y, w)d(y, w)
v JB

7;4[;id%mw¢%%MM%M
1
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< //mm )+ [9vg (1(r)dr ¢2(y, w)d(y, w)

Cso

// A (r) - [Vogl(y(n)dr ¢*(y, w)d(y, w)

Idea: use quadratic gradient term to absorb all gradients



The forcing terms

. 1
Recall that |9,| < r™2, hence

1
B 1/ / A (r) - [Vvgl(y(n)dr ¢*(y, w)d(y, w)

/ / 2 Vgl (1(r))dr o(y, w)d(y, w)



Partial integration

/B A, g](1(r))e3(y, w)d(y, w)



Partial integration

Substitute (7, W) = ®(y, w) = D, ¢ x.v (v, w) := (3x(r), Ww(r)).
182810, wd(y. w)

/ [Avgl(re(r), 7, W)2(©X(F, @) [det A2 d(7, W)
®(B)



Partial integration

Substitute (7, W) = ®(y, w) = D, ¢ x.v (v, w) := (3x(r), Ww(r)).
/[Avg] )Ry, wid(y, w)
/ [Avgl(re(r), 7, W)2(©X(F, @) [det A2 d(7, W)
o(B)
— / (V2&l(re(r), 5. ), Vo 2(07X(7, @))) |det A (7, w)
®(B)

= —2/ ([Vvgl(e(r), 7. W), [Vl T (77, W) (A(r)H).2)
®(B)

p(&7H (7, W)) - [det A|7H d(, W)



Partial integration

Substitute (7, W) = ®(y, w) = D, ¢ x.v (v, w) := (3x(r), Ww(r)).
/[Avg] )Ry, wid(y, w)
/ [Avgl(re(r), 7, W)2(©X(F, @) [det A2 d(7, W)
®(B)
— / (V2&l(re(r), 5. ), Vo 2(07X(7, @))) |det A (7, w)
®(B)
—=2 [ (el 5 ). [Tl (5 ) (A) )
®(B)

P(O71(F, W)) - |det A1 d(7, W)
=-2 /B ([Vvgl(1(N), [Vl T (v, w)(A(r) " 1).2)ely, w)d(y, w)

<2 /B V0] (1())ely, w)d(y, w),



Distributing the good term

(e(t.x,v) — c(F)s
/ / (M2 9,81 (1) ly, ) = 1981 ()2, w)) lly, whde

for some constant M > 0.



Integrating on K_

/ni/ (t,x,v) f))+d(t, x, v)

_/0 /B/O /B Mr 1/2|va|(’7(r))80(}’, w) — |va‘2 (W(r))gf(% W))E(y, w)drd(t, x, v)



Integrating on K_

/ni/ (t,x,v) f))+d(t, x, v)

< /0 /B/O /B Mr Y2V,gl (v(r)e(y, w) — |Vugl® (v(r)¢’(y, W))E(y, w)drd(t, x, v)
:/On /B /0é /B(Mr’”2 Vvl (V(N)ely, w) — Vel (1(n)e* (v, W))f(y, w)drd(t, x, v)
u /0" /B /: /B<Mr71/2 Vel (v(N)ely, w) — Vel (v(r)e* (v, W))f(y, w)drd(t, x, v)



Integrating on K_

/ni/ (t,x,v) f))+d(t, x, v)

_/0 /B/O /B Mr 1/2|va|(7(r))80(}’, W)—|va‘2 (W(r))gf(% W))E(y, w)drd(t, x, v)

—AWA/Oéé d(y, w)drd(t, x, v)

u /0" /B /: /B<Mr71/2 Vel (v(N)ely, w) — Vel (v(r)e* (v, W))Slr(y’ w)drd(t, x, v)

<[ /f / aly. w)drd(,x.v)

+C=hL+C

for some C > 0 by Cauchy-Schwarz inequality.



Estimating

Substitute (X, V) = W, ¢ yw(X, v) :=yxv(r) and t =t + r(n — t).

w=[ [ % [ (M2 9] ety w) = [V ()0 m)
d(y, w)drd(x, v)dt



Estimating

Substitute (X, V) = W, ¢ yw(X, v) :=yxv(r) and t =t + r(n — t).

2 n y .
ws [FL ] (M2 9l 5 0)ely, w) — Vel (B2 )2, w)
o JBJo Jw(B) +



Estimating

Substitute (X, V) = W, ¢ yw(X, v) :=yxv(r) and t =t + r(n — t).

2 n . .
hs [F [ [ (M2 90 5 0)elyw) - Vgl (5, 0)6 0 w)
0 BJO B +
d(x, v)dtd(y, w)dr

as W(B) C B and det B(r) ~ 1 on (3,1).



Estimating
Substitute (X, V) = W, ¢ yw(X, v) :=yxv(r) and t =t + r(n — t).
> n . .
hs [F [ [ (M2 90 5 0)elyw) - Vgl (5, 0)6 0 w)
0 B JO B +
d(x, v)dtd(y, w)dr

as W(B) C B and det B(r) ~ 1 on (3,1).

Calculating the r-integral from 0 to min{1/2, M?/p?} yields

1/2
/ (ril/zl\/lp — p2> dr < M?
0 +

for all p > 0. Here p = |V, g| (£, X, V)o(y, w).



Conclusion of the [!-estimate

We have proven

n—t

o\

/ [log f](t,x,v) — c(f))4+d(t,x,v) < C

for universal constant C > 0.



Moser's 1971 method in kinetic theory

Sobolev inequality

testing with £

\/

Moser iteration testing with 1

A,

Kinetic trajectories

, \/

LP—[°° estimates

weak Ll-estimate for the logarithm

\/

Lemma of Bombieri and Giusti

Y

\4

Harnack inequality

Holder continuity




Harnack inequality

Theorem (DMNZ 25):

There exists a universal constant C = C(d) > 0 such that for
any nonnegative weak solution f of (1) in Q we have

supf < CHinff.
Q_ Qs+

Here, p = % + A. Optimal in p!

Q— Q+
sup f inf

(x,v)4 |Q
T




Weak Harnack inequality

Theorem (DMNZ 25):

There exists a universal C(d, x) > 0 such that for all p € (0,1 + %)
and any nonnegative weak supersolution f to (1) in Q we have

p
</ fPd(t, x, v)> < Cinff.
L Q+

Optimal range for p.

Q— Q+
sup f inf f

(x, V)T Q




Kinetic mollification

Consider y™: R — R*29 with m = (mg, my, my) € R*24 mg £ 0 as

() frmor
e~ (30) (e () mmons (7))

w0~ (8 5o (3 Y o= ()

Define the kinetic mollification operator as

SN ) = [ AP (e x, V) (m)im,

Co



Kinetic Sobolev embedding

Theorem (DMNZ 25):
Let f € L2(R'*9; HY(R?)) such that (9; +v-V,)f =V, S
for some S € L?(R1+29; RY), then

Fllasasaey < € (I9F l2qgasaey + ISl zqrsanzny )
with & = 14 55 and C = C(d) > 0.

Local versions. No fundamental solution needed.
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