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Elliptic Sobolev inequality

Theorem:

For1<p<dandp*:ddfppwehave

11l gy < CHVFllingasy.



Elliptic geometry

Laplace equation with f: RY — R:
—Af =0

Translation invariance for h € R9:
xoh=x+ hand A(f(- + h))(x) = [Af](x + h)
Scaling invariance for A > 0:
Syx = Ax and A(f(\))(x) = N2[Af](Ax)
Trajectories v = v(7): [0,00) — R? are straight lines

For a direction m = m; € R? and a starting point x € RY:

) =x—rm,  A(O)=x,  4™(r)=-m



Elliptic mollification

Choose v € C2°(R?) such that
Y >0, P(m)dm =1, suppyy C {meR?:1 < |m| <2}
Rd

For 7 > 0 define the elliptic mollification kernel

Kely) =7~ (%)

Mollification is a trajectory average at scale T:
[T A1) = [ Flx= 9K dy
Rd
= / f(x —7m)1(m)dm
Rd
= [ fam @) wim)dm



Representation formula

Apply the fundamental theorem of calculus along r — y™(r).

f(x)— [Tk, fl(x) = / (f(x) —f(x— Tm))w(m) dm

R

:/ /Tm-Vf(x—rm)drlb(m)dm
R9 JO .

= [ V= [ (%) Laray.

Kernel

sre [ o) o

[T, FI6) = [ Fx=y)-Brly)dy
Representation

f=Ff—Tgf+ Tk f= TBT(Vf)-l- Tk, f



Young inequalities

For a kernel J set

[T,g](x / Jx—y) gly)dy

Young inequality (1 < p,q,0 < o0):

1 1 1
TJqu§ J o ||gllLr, =dilscsd =
[ Tsgle < [[J]le gl . 3T
Weak Young inequality (1 < p, q,0 < o0):
1 1 1
TigllLa S ||| o. l|&]ILe, Z4l1=Z4-=
[ 7glle S [[J]lLe- llgll . R



Kernel estimates

Critical scale 0 = ;25

(i) Scaling of the mollifier

1K~ llLo rey = =7 )HT/)HLG (RY) = crt

(change of variables)

(i) Critical bound for the integrated kernel

]
1B.(y)| < C / rdr< Cly"?,  Bily)=0for |y| 2 2
lyl/2

I1B-l e

C(RY) T

(suppw(y/r); [[FllLsee == supyso A [{x € X : |f(x)] > A}|?)



Elliptic Sobolev inequality

Theorem:

For1 < p < d and p* —dp we have

1Fllop+ ey < CIVFllngee.
Proof:

Note——i—l—l i

-

and write

f=(f - Ti.f) + Tk, f.
Use the (weak) Young inequality:
If = T fller = 1T (VO < ClIBl o) o IVElie < CIVE]e

1Tk fllr = I1Ke # Fllor <MK Lo IFlle < CT0 Fle

Il < CIVAlle + CT7H | flle, 7= 00



Parabolic geometry

Parabolic equation on R1*¢:
O:f = Axf
Translation invariance for h = (hg, hy) € R¥*¢:
(t,x)oh=(t+ ho,x+ h1)

Parabolic scaling for A > 0:

ot x)= (Nt x), Q=2+d
Parabolic curves for direction m = (mg, m;) € R4 and 7 € [0, c0):

A (75 (t, %)) = (t — 72 mg, x — 7 my)

%7’“(7: (t,x)) = (=2rmo, —m)



Parabolic regularity

Parabolic equation on R1*¢;
Oif = Vi - (Vi)
Weak (energy) solutions:
felPlinliH]
Parabolic regularity:

S in O =V S and



Parabolic mollification

Choose v € C°(R*9) such that
w20, [ wmdm=1  suppuC (1,2) x B:(0)
R1+d

Averaging along parabolic trajectories at scale 7:

[Ti, F1(t, %) = / F(y™(7: (£, %)) (m) dm

R1l+d

= / f(t—s,x—y)K:(s,y)dsdy
R1+d
where for 7 > 0 we define the parabolic mollifier

Koloy) = r @951,

b
T2’ T



Representation formula |

Apply the fundamental theorem of calculus to r — f(y™(r; (¢, x))):

f(t tx)

/[Rl+d/ fw (t,x)))dre(m)dm
—/ /]Rl-%—d 2rm08tf+m1 Vi f>( "(r; (t,x))) ¥ (m)dmdr

=:Is(t,x) + Ivr(t, x)



Representation formula |l

For Is, insert 0;f = V- S and set

s = r’mo, y = rmy, dm = rQ dsdy.
s(t,x) :/ / 2rmg O¢f (Y™ (r; (t,x))) (m)dmdr
0 JR+d

:AT

2rmg (V- S)(t — r’mg, x — rmy) ¢(m) dmdr

Lo
= ’ S .-Q . B _ sy
_A /Rl-%—dz r (VX S)(t S, X y)w(r27r) dsdydr
/ / 2 r V - S)(t - )lb(i,X) dsdydr
0 JRI+ ;
- SU—SX—Y)2/'FQ vmw( Y) drdsdy
RI1+d .

= S(t—s,x—y)-P-(s,y)dsdy

R1+d



Representation formula Il

Forcing term:
Ive(t,x) = / / my - Vi f(t — r’mg, x — rmy) 1(m)dmdr
0 JRi+d

_ fo(t—s,X—y).[/ ,—sz(i z) d,} dsdy
R1+d 0

r\r2’r

Kernels

T oS sy
Pr(s,y) 3:2/0 r Qﬁvmﬁb(ﬁa?) dr

QY (S Y
BT(Svy) 3:/0 r Q;‘ﬁ(ﬁv?) dr

Representation

f=f—Tkf+Tkf=TpS+Tp (Vxf) + Tk, f



Kernel estimates

i+ _d+2 _ Q
Critical scale 8 = 1= o1

(i) Pointwise bound

;[ S —|— lg S {0< <2T} <.\/s
| ( ’y)| ‘ 7( 7}/)| < ( s %{b"_\/»}

(i) Weak bound

IPrllooe gasa) + [1Br o gy < €

(iii) Mollifier scaling

1Kzl o raray = CT 7

(on supp)(s/r?,y/r) one has r> < s < 2r? and |y| < r, hence r ~ \/s;
(iii) is the parabolic change of variables (s, y) = (720, 1))



Parabolic Sobolev inequality

Theorem:

For p € (1,d +2) set p* = f;’jj)" All £, S with 0:f = V, - S satisfy

1Fllp* grray < C(IVxFllLoggisay + [ISllLrgrva))-

Proof:

f=(f—Tk )+ Tk.f, 1+pi*:%_|_%' f— d+2

If = Tk flle < ITp, Sl + 1 T5, (V)|
< C(IP-llocolISIe + 1Bl o< [V FlILe)
< C(ISle + [Vxflle),

1Tk, Flles < 1K oliflle < CrHIFe

£l < C(ISlIe + [IVxfllr) + CT 72 Flle, 7= 00



Kinetic Landau equation
For t >0, x € Q C RY, v € RY, the density f = f(t,x, v) solves

(0t + v - Vy)f = Q(f)
where
Q(f)=V, - (/Rd A(v — V*)<f(v*)vvf(v) = f(v)VV*f(v*)> dv*>

and for z € R?

A(z) = ag,|z|"(|z)?1d4 —z2® 2), ag, >0, —-d<y<L.

(we dropped the (t,x) dependence of f)



Kinetic regularity

Kolmogorov equation on R1*+29:
(Ot +v -V )f =V, (a(t,x, V)va)
Weak (energy) solutions
felPl, NLi, Hy
Kinetic regularity

S in (Or+v-Vy)f=V,-§ and



Kinetic geometry

Kolmogorov equation on R*+29;
B +v -V )f = Vo - (Vof)

Translation invariance (kinetic group structure):

(t,x,v)o(s,y,w)=(t+s,x+y+sv,v+w)

Scaling invariance for A > 0:

ox(t, x,v) = (A%t, X3x, Av), Q=4d+2
Kinetic trajectories will be considered later.
Hormander's commutator observation:

[av;78t+v'vx]zaxia f= 10000



Kinetic mollification

[Tk f1(t,x,v) = / KT((Z',X, v)_1 o m) f(m) dm

R1+2d

with

QS YW
KT(S7_y7W)_T w<?737?>

where ¢ € C2°, ¢ >0, [¢ =1, suppy) C (—2,—1) x B1(0) x B1(0)



Kinetic mollification

[Tk f1(t,x,v) = / KT((Z',X, v)_1 o m) f(m) dm

R1+2d

with

w

where ¢ € C2°, ¢ >0, [¢ =1, suppy) C (—2,—1) x B1(0) x B1(0)

and
sin(log7) — 3 cos(log 7) | 2mg cos(log T) |
p » - dg dg
mo(7) " = 3sin(log T) + cos(log T) 2sin(log T)
ld, —ZMOBT) g,

mo73



Kinetic trajectories

Consider v = (7, Vx, V) [0,1] — RI+2d

d%f(v(T)) = 3e(1) [0:F] (V7)) + 3x(7) - [VxF1(3(7)) + A(7) - [V F]((7))

= 3e(7)[(0: + v - V)F](7(7)) + (1) - [V Fl(7(7))

We call v a kinetic trajectory if

(1) = A (7)1 (7)



Kinetic trajectories via Newton laws

Construct v = (V¢, Yx, W) : [0,00) — R4 with 4(0) = (¢, x, v)
and (1) = F(7) (7).

Ansatz:

Y1) = t + mor?

Ve (T) = 2moT
00 = 2o (&) m 0. (£0) m

for m = (mg, my, mp) € R1*29 and g1, g [0,00) — R

Solving Newton's laws gives

B &1(7) &(7)
Tv (T) =Vv+ 2m07_m1 + o my

Y1) = x + moT?v + g1(T)my + moga(T)my



Kinetic trajectories via Newton laws

Let m = (mo, my, mp) € (R\ {0}) x RY x RY
and g1,82: [0,00) — R then

t + mot?
a(7)dy  moga(7)Idy
vior-| (o T (. (1
gl(T) Idd gQ(T) Idd moy Od
2moT T
Amg(T)

m07'2 |dd
Idy

is such that y™(0) = (t, x, v) and AQ(7) = 3 (7)y7 (7).

)

X

)



Choice of the forcings

Let m = (mo, my, mp) € (R\ {0}) x RY x R? and choose

3] 3

gi1(7) = 7°sin(log 7), g2(7) = 7° cos(log 7) (r > 0).

t + mo72
A7) = 73 sin(log 7) Idg moT3 cos(log 7) Idy (m1)
ZL (3sin(log 7) + cos(log 7)) Idg % (3 cos(log T) — sin(log 7)) Idg 22
mo

is such that v™(0) = (¢, x, v) and A2 (1) =AM (1) (7).



Mollification as averaging along trajectories

Rewrite

(T (t,x,v)) = (t,x,v) <m072’ A <m1>>

my

Recall

Ko(s,y, w) = 2"7—%(;%;(7)‘1 (Vy)) QA2

[Tk, fl(t,x,v) = / KT((t, X, v)f1 o(s,y, W)) f(s,y,w) d(s,y,w)

R1+2d

- / F(y™(7: (£, %, v))) (m) dm
R1+2d



Mollification as averaging along trajectories

[Tk.f1(t, x, v) :/ f(y™(7; (t,x,v))) ¥(m) dm.

R1+2d

supp em




Kinetic trajectories are controllable
Let (to,Xo, Vo) and (tl,Xl, V1) with t; # tp.

Set

mg = t1 — tp.

Since the endpoint matrix is invertible,

det Ay (1) = (—2) 7 #0,

choose the remaining parameters by solving the endpoint equation:

() =m0 (1) - (6 ") ()]

7™(1; (to, x0, v0)) = (t1,x1,v1)



Kinetic mollification

[Tk f1(t,x,v) = / KT((Z',X, v)_1 o m) f(m) dm

R1+2d

with

w

where ¢ € C2°, ¢ >0, [¢ =1, suppy) C (—2,—1) x B1(0) x B1(0)

and
sin(log7) — 3 cos(log 7) | 2mg cos(log T) |
p » - dg dg
mo(7) " = 3sin(log T) + cos(log T) 2sin(log T)
ld, —ZMOBT) g,

mo73



Kinetic mollification

[Tk f1(t,x,v) = /Rsz KT((Z',X, v)_1 o m) f(m) dm

with

Kols.yow) =270 (5,450 (7))

where ¢ € C2°, ¢ >0, [¢ =1, suppy) C (—2,—1) x B1(0) x B1(0)
and A, (7)1 [0,00) — R24%2d " mg £ 0 with

(C1) det AmO(T) ~ 74
(C2) |(Amo(7) ™ )-2| Smo 77
(C3) [0~ (Amo(T)) 1 Sm



Representation formula |

Assume (0; + v-V)f = V,-S. Along kinetic trajectories:

d

7,707 (1) = 2rmo [(9: + v-V)F1(Y"(r)) + 4 (r)- [V (3™ (r))

= 2rmo [V - S|(Y"(r)) + 30 (r)- [V F1(7"(r))
Apply the fundamental theorem of calculus to r +— f(y™(r)):
f(t,x,v) f(t,x,v)

-/ / (1)) dr45(m) dm

_/ / 2rmg [V, - S] —|—f'y‘r/"(r).vvf> (2 ()i(m)dmdr
0 JR1t+2d

=:Is(t,x,v) + Ivf(t,x,v)



Representation formula |l
Change of variables

(soyw) = (mort, An() (7))o A0 = (tx) o sryw

my

m = ( S As(r)” (Vyv>) dm = 29r=2d(s, y, w)
Is(t,x,v)

_ /T/Rlﬂd 2915 =1V S]((t, x, v) o (s, y, w))(m(s, y, w)) d(s, y, w) dr
/ / 29715 1OV, [S((8,x,v) © (5., w))]w(m(s, y, w)) d(s, y, w) dr
/]Rl+2d5((t % V) (S y,w )) Pr (5 y7W)d(s y,w )

_sdr1 [ QS T(S5 4.(n1(Y .
Pr(s,y,w) =2 /Or 2 [V ] (rz,Arz(r) (W)>(A,

¥
—
~
~—
|
_
N———
=~
o
S



Representation formula Il

Same change of variables

Ive(t,x,v) = /RHM [V, fl((t,x,v) o (s,y,w)) B-(s,y,w)d(s,y, w),

o2 o5 a0 (1))

X {8,)(A:2(p))2;_’p_r.»4rs2(r)1(3;)] dr.



Kernel estimates

4d42 _  Q Q=4d+2

Critical scale § = 777 = o7,

(i) Pointwise bound

L 2r2<s<oy Lyjyigisp/2y Lwisisirzy
JsI°"

(on the support of the integrand one has \/[s|/2 < r < \/|s], |y| < 3
|w| < r; since the r-integrand is < r=@, integrating in r gives |s|~(?=1)/2)

|PT(57Y7 W)| + |BT(57y7 W)‘ S,

(ii) Weak bound

||PT”L97‘>° + ”BTHL@,OO S C

(iii) Mollifier scaling

| K-l o = CT71



Young inequalities for kinetic convolution

Recall
[T,g](t, x,v) = / J((t, x, v)_1 om)g(m)dm

R1+2d

N /Rl+2d J(s,y,w)g((t,x,v)o(s,y,w))d(s,y, w)

The kinetic shifts are measure preserving.

Young inequality (1 < p,q,6 < c0):

1 1 1
Tglla < |||l e llgllLe, 41 =4=
I Tusll e 1]l . R
Weak Young inequality (1 < p,q,0 < o0):
1 1 1
TigllLa S |||l o l|&]ILe, Z41=Z4=
I Tusll [/l Lo &l . R



Kinetic Sobolev inequality: proof

Let1<p<Q,p*:C’,’—9p,and6:%.

Representation:
f=F = Ti.f+ Ti.f = T (S) + T, (Vo) + Tic f,

Kernel estimates:
HIPTHLG,OO + HB—;—HLQ,OO 5 1

Weak Young inequality:
I = Tk flle S UISHee + 1V Flie.

Mollified part as 7 — oc:

1Tk, fller < K llollflle S 77HIFlle — 0.



Kinetic Sobolev inequality

Theorem (Dietert—-Mouhot—N.-Zacher '25)?

Q =4d + 2, 1<p<Q, p*:ﬂ.
Q-p

Let f € LP(R**29) with V,f € LP(R*29) and suppose

(Be+v-V)f =V,-S,

with S € LP(R!*29;R?). Then

”fHLp*(Rl+2d) S IVfllee@ieady + [1S]]p(rived)-

1Earlier versions and related works: Hérmander '67, Pascucci—Polidoro '04, Golse-Imbert—Mouhot—Vasseur
'19, Guerand—Mouhot '22, Auscher—Imbert-N. '24, Auscher-N. '26.



Transfer of regularity: Hormander

Hormander's Besov seminorm in the x-variable:

. Ak,
| HL’;’V Bll”/;’x T i;g ‘h‘1/3 )
Theorem (N. '26)?
Q 1 1 1
Q=14d+2, 6[7,00}, =4
PEle—1 g p Q

Let f € S(R1T29) N LP satisfy
(at +v- vx)f =Vy- 5+ 51,

with V,f, S € LP and S; € L9. Then

Il e gs S UNVFlie + [1Solle + (IS ]lLe-
t,v = p,00,x

1 .. .
Related works and earlier versions: Hérmander '67, Albritton—Armstrong—Mourrat-Novack '24.



Transfer of regularity: Bouchut

Theorem (Auscher-N. '26, N. '26)!

Q=4d +2, PE(QQ_l,oo>, l:,_,_l_

Let f € S(RT29) N LP satisfy
(3t +v- Vx)f =V, S+ S,

with V,f, S € LP and S; € L9. Then

1/3
1D%"3F |0

t,x,v

SIVefilee

t,x,v

+ [1S0llee

t,x,v

+15ulle, -

1Related works and earlier versions: Bouchut '02, N.—Zacher '21, Auscher—Imbert-N. '24.



Kinetic Sobolev inequality: nonlocal diffusion |

Bessel-type control:

Dig(¢) = [€1°8(¢), 0<s<1.

1 1
Q=2s42d(s+1), 1<p<l, L_l_s
& p: P Q

Theorem (Auscher-N. '26, N. '26):l

Assume

(0r+ v -V )f = DS,  Dif, S e LP(R'129),

Then the endpoint Sobolev estimate holds:

Il S IDYFlle + 1[S]Le-

1Related works and earlier versions: Imbert—Silvestre '20, Pascucci—Pesce '24, Auscher—Imbert—-N. '24.,
Anceschi—Palatucci—Piccinini '24



Kinetic Sobolev inequality: nonlocal diffusion Il

Gagliardo-type fractional control:

f(t,x,v+h)—f(t,x,v) dh

Dvf(t,x,v,h) = LE ) dn(h) = W
Qe2s+2d(s+1), 1<p<d L_1_5
s p: p Q

Theorem (N. '26)

Assume
(0t + v -V )f =D0°S, Dyf, S e LP(dnp®d(t,x,v))
Then for every g € (p, p%),

Yp,q

1-9 s
1fllee S NFlI 2 (193 Fllee(@nea(e o)) + IS (aneacexv)))




Kinetic Harnack inequality

Kolmogorov equation with rough diffusion matrix

(0t +v -V )f =V, -(a(t,x,v)V,f)

. A{a(t, x, v)E, &) la(t, x, v)&|?
0O< A= inf ———"—">0 ANi= sup ———— < @
(t,x,v) |§|2 (t,x,v) <Cl(t7X, V)£a€>
§#0 £#0

Theorem (Dietert—-Mouhot—N.—Zacher '25)!

There exists a universal constant C = C(d) > 0 such that every
nonnegative weak solution f in Q satisfies

sup f < CxHNinf f.
Q_ Qs

Q Qy

(x, V)T Q

t

1Related works and earlier versions: Golse—Imbert—Mouhot—Vasseur '19, Guerand—Imbert '22,
Guerand—Mouhot '22




Weak L!-estimate for log f (1) 0:f +v-Vif =V, - (aV,f)

Theorem (Dietert-Mouhot—N.—Zacher '25):

Let 6,7 € (0,1). Then for any supersolution f > 0 to (1)
there exists a constant C = C(d, d,n, A,A\) > 0 such that

s|{(t,x,v) € K_: log f(t,x,v) —c(f)>s}| < C

s{(t,x,v) € Ki: c(f) —logf(t,x,v) >s}| < C

for all s > 0 with c(f) = Ci /B gl )Rl )il )
©

(x,v)
T

T T — t
0 n 1



Kinetic trajectories and the logarithm

Q
K_ K.
7(0) = (t,x,v)
6B > B > Br
(n,y,w) =~(1)
(V) . e
{ —
T T 1 T t
0 n—tNn+e 1

(O +v-Vy)logf >V, (aV,logf)+ (aV,logf,V,logf).
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