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Free transport
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Particle physics
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Free transport

X(t) =tVo + Xo
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Corresponding PDE
Otu+v-Vyu=20
u(0) =g

where u = u(t, x, v) particle density
and g(x, v) initial distribution



Particle physics

Simple collision model

\ {X(t) = [EV(s)ds + Xo
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Kolmogorov equation

Here: x,v € R", t € [0, T], u = u(t, x, v) particle density



Kolmogorov equation

Here: x,v € R", t € [0, T], u = u(t, x, v) particle density

ou+v-Vyu=A,u+f
u(0) =g

and f'= f(t,x,v) source, g = g(x, v) initial datum.
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Kolmogorov equation

2nd order PDE, degenerate, unbounded lower order term
reminds of Ornstein-Uhlenbeck equation
hypoelliptic, Hormander operator

ou+v-Vyu=A,u+f
u(0) =g



Kolmogorov equation

2nd order PDE, degenerate, unbounded lower order term
reminds of Ornstein-Uhlenbeck equation
Hormander operator - hypoelliptic

Xou=> X?u+f
f=ll

u(0) =g
where Xo = 0¢ + v -V, and X; = 0,,

[0, 0t +v-Vy]u=0,0t+v-V)u—(0:+v-Vy) Oyu=0u



Kolmogorov equation

ou+v-Vyu=A,u+f
u(0) =g

Scaling: A — (A\2t, A3x, \v)
Translation: (to, xo, vo) — (t — to,x — x0 — (t — to)v, v — vp)
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Kolmogorov equation

ou+v-Vyu=A,u+f
u(0) =g

Goal: Determine function spaces X for f, X, for g and Z for u
such that there exists a unique solution u € Z of the Kolmogorov
equation if and only if f € X and g € X,.



Kolmogorov equation

Kinetic maximal regularity

ou+v-Vyu=A,u+f
u(0) =g

Goal: Determine function spaces X for f, X, for g and Z for u
such that there exists a unique solution u € Z of the Kolmogorov
equation if and only if f € X and g € X,.
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Kinetic maximal [P-regularity
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What is the solution space Z7
What is the trace space X,7



Kolmogorov equation

Kinetic maximal [P-regularity

ou+v-Vyu=A,u+f
u(0) =g

Ansatz: f € X = LP((0, T); LP(R?")) with p € (1, 00).

What is the solution space Z7
What is the trace space X,?
Divide and conquer



Kolmogorov equation

oiu+v -Vyu=A,u+1f
u(0)=0

Parabolic ansatz - maximal LP-regularity

Z={u: u, Oiu, Ayu—v-Vyu€ LP((0, T); LP(R?"))}
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The desired characterisation fails.



Kolmogorov equation

oiu+v -Vyu=A,u+1f
u(0)=0

Parabolic ansatz

The desired characterisation fails.
Indeed: o(A, —v-V,)={A e C: ReX <0}
Metafune 01, Fornaro, Metafune, Pallara & Schnaubelt 22



Kolmogorov equation
ou+v-Vyu=A,u+f
u(0)=0

Solution space

Z={u: u, Ou+ v Vyu, Ayue LP((0, T); LP(R?"))}.



Kolmogorov equation

Fundamental solution (Kolmogorov 1934):

F(t,x,v) = 2 exp (—% v)? + %(v,x} - t% \x\2>.



Kolmogorov equation

Fundamental solution (Kolmogorov 1934):
r(t,x,v) = 5 exp (—% v|2 + %(v,x} — t% \x\2>.
Solution of Kolmogorov equation with g = 0 is given by

u(t,x,v) = /0 /Rzn Mt—s,x—y—(t—s)w,v—w)f(s,y,w)d(y,w)ds



Kolmogorov equation

Fundamental solution (Kolmogorov 1934):
r(t,x,v) = 5 exp (—% v|2 + %(v,x} — t% \x\2>.
Solution of Kolmogorov equation with g = 0 is given by

u(t,x,v) = /0 /Rzn Mt—s,x—y—(t—s)w,v—w)f(s,y,w)d(y,w)ds

Singular integral on homogeneous group (Folland-Stein 1974):
10cu+ v - Vicull, + [ Avull, < CI ],

For every f € LP((0, T); LP(R?")) there exists a unique solution
u € Z of the Kolmogorov equation.



Kinetic trace

Temporal trace u(t) is well-defined. In particular

{u: u,0ru+v-Vyeu e LP((0, T); LP(R?™)) } — C([0, T]; LP(R?™))



Kinetic trace

Temporal trace u(t) is well-defined as
{u: u,0ru+v-Vyeu e LP((0, T); LP(R?™)) } — C([0, T]; LP(R?™))
The trace space of Z is defined as

Xy, = {g: Ju € Z with u(0) = g}

= inf )
lglx, = inf [ul,

u(0)=g
Moreover

Z — C([0, T]; X,).



Kinetic maximal LP-regularity

Definition

We say that A: D(A) C LP(R?") — LP(R?") admits
kinetic maximal LP-regularity if for all f € X = LP((0, T); LP(R?"))
there exists a unique distributional solution

veZ={w: w, 0w+ v Vew, Aw € LP((0, T); LP(R?"))}
of the Cauchy problem

Oru+v -Vyu=Au+f

u(0) =0

In particular u € C([0, T]; X,).



Kolmogorov equation

Theorem (Folland & Stein 74, Bramanti et al. 10, N. & Zacher 22)

The operator A, : HZP(R2") — LP(R2")/the Kolmogorov equation
admits kinetic maximal LP(LP)-regularity for all p € (1, 00).



Kolmogorov equation

Theorem
For the Kolmogorov equation
oru+v-Vyu=A,u+1f
{U(O) =g

there exists a unique solution
veZ={w: w, 0w+ v-Vew, A,w € LP((0, T); LP(R?"))}
if and only if

(i) f € X = LP((0, T); LP(R?"))

(i) g € X,.
Moreover, u € C([0, T]; X).



Kolmogorov equation

Theorem
For the Kolmogorov equation
oru+v-Vyu=A,u+1f
{U(O) =g

there exists a unique solution
veZ={w: w, 0w+ v-Vew, A,w € LP((0, T); LP(R?"))}
if and only if

(i) f € X = LP((0, T); LP(R?"))

(i) g € X,.
Moreover, u € C([0, T]; X).



Kinetic trace

Kinetic Regularisation (Bouchut 02)

Let u € LP(RY2") with O;u + v - Veu € LP(R1F2M)
and A,u € LP(R*2™). Then

2
D3 u € LP(RIF2M),

Here: D§ = (—A,)*/?



Kinetic trace

Kinetic Regularisation (Bouchut 02)

Let u € LP(RY2") with O;u + v - Veu € LP(R1F2M)
and A, u € LP(R*2"). Then

2
Diu € LP(RI*+2m),

Recall the scaling: A — (A\2t, A3x, Av).

Here: D§ = (—A,)*/?



Kinetic trace

Theorem (N. & Zacher 22)

Let p € (1,00) and X, the trace space to
Z={u: u, Ou+v-Vyeu, Ayuc LP((0, T); LP(R?"))}.
Then

2011 2(1—1
Baax *(B2) N Bopy » (R2"),

1
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Kinetic trace

Theorem (N. & Zacher 22)

Let p € (1,00) and X, the trace space to
Z={u: u, Ou+v-Vyeu, Ayuc LP((0, T); LP(R?"))}.
Then

211 2(1—1
Bon *(B2") 1 By » (R2"),

1

Xy



Kolmogorov equation

Theorem (N. & Zacher 22)

For the Kolmogorov equation
oru+v-Vyu=A,u+1f
{U(O) =g
there exists a unique solution
veZ={w: w, 0w+ v-Vew, A,w € LP((0, T); LP(R?"))}

if and only if



Kolmogorov equation

Theorem (N. & Zacher 22)

For the Kolmogorov equation
oru+v-Vyu=A,u+1f
{U(O) =g
there exists a unique solution
veZ={w: w, 0w+ v-Vew, A,w € LP((0, T); LP(R?"))}
if and only if
(i) f € X = LP((0, T); LP(R?"))

2011 2(1—1
(i) & € X, = Bian * (R2) 1 By * (B2).

Moreover, u € C([0, T]; X).



Extensions

- fractional Kolmogorov equation
- temporal weights
- different base spaces

- variable coefficients



Fractional Kolmogorov equation

with 8 € (0,2):
otu+v-Vyu= _(_Av)ﬁ/2u 4 f
u(0) =g.



Fractional Kolmogorov equation

with 8 € (0,2):
otu+v-Vyu= _(_Av)ﬁ/2u 4 f
u(0) =g.

Theorem (Chen & Zhang 18; Huang, Menozzi & Priola 19)

For 8 € (0,2) the operator —(—A,)%/2: HJP(R2M) — LP(R2")
admits kinetic maximal LP(LP)-regularity for all p € (1, 00).



Fractional Kolmogorov equation

with 8 € (0,2):
otu+v-Vyu= _(_Av)5/2u 4 f
u(0) =g.

Theorem (Chen & Zhang 18; Huang, Menozzi & Priola 19)

For 8 € (0,2) the operator —(—A,)%/2: HJP(R2M) — LP(R2")
admits kinetic maximal LP(LP)-regularity for all p € (1, 00).

Theorem (N. & Zacher 22)

B (11 1-1
X, = B TP (R 1 By, P (R2T)



Temporal weights

Replace LP((0, T); X) with
LP((0, T); X) = {u: t7"u € LP((0, T); X)}
with p € (1/p, 1] (Muckenhoupt weight, Priiss & Simonett 04).



Temporal weights

Replace LP((0, T); X) with
XY — {41 :
LA((0, T); X) = {u: t77Fu e LP((0, T); X)}
with 1 € (1/p,1]. (Muckenhoupt weight, Priiss & Simonett 04)

Advantages:
- Theorem (N. & Zacher 22):
Kinetic maximal L-regularity is independent of u € (1/p, 1].
- for (fractional) Kolmogorov equation:

B (,_1 _1
X, = BT TP (R 1 By P (R2")

- treat lower initial value regularity
- allows to observe instantaneous regularisation



Different base spaces

- Kinetic maximal LP(L%)-regularity for —(—A,)%/? (& variants)
with p, g € (1,0)



Different base spaces

- Kinetic maximal LP(L9)-regularity for —(—A,)?/? (& variants)
with p, g € (1,0)

- Kinetic maximal Lp(ij)—regularity for —(—A,)5/? (& variants)
with p, g € (1,00) and j, k € R where Lﬁk is weighted
with (1 + |v|) and (1 + |x| + |v|)¥



Different base spaces

- Kinetic maximal LP(L9)-regularity for —(—A,)?/? (& variants)
with p, g € (1,0)

- Kinetic maximal L”(Lj‘.’k)—regularity for —(—A,)5/? (& variants)
with p,q € (1,00) and j, k € R where Lfk is weighted
with (14 |v[Y and (1 + |x| + |v|)¥

- Kinetic maximal LP(X3)-regularity for —(—A,)%/2
with p € (1,00) and s > —1/2

X5 = {feS’: <1+\£\3+|k\%> F(f) e L2}



Different base spaces

- Kinetic maximal LP(L9)-regularity for —(—A,)%/? (& variants)
with p, g € (1,0)

- Kinetic maximal LP(LJ‘.’k)—regularity for —(—A,)?/? (& variants)
with p,q € (1,00) and j, k € R where quk is weighted
with (14 |v[Y and (1 + |x| + |v|)¥

- Kinetic maximal LP(X3)-regularity for —(=A,)P/?
with p € (1,00) and s > —1/2

S
X5 = {f eS: (1+ 1P + |k|%) F(f) e L2}

Including a characterisation of the trace space.



Kolmogorov equation with variable coefficients

O+ v-Vyu=a(t,x,v): V2u+f
u(0) =g

Under which assumptions on the coefficient a(t, x, v)
do we obtain kinetic maximal LP-regularity?



Kolmogorov equation with variable coefficients

Theorem (Bramanti et al. 13, N. & Zacher 22)

Let a = a(t, x,v) € L([0, T] x R?"; Sym(n)) with
M€ < (a(t, x, v)E, €) for all (t,x,v) and € € R".



Kolmogorov equation with variable coefficients

Theorem (Bramanti et al. 13, N. & Zacher 22)

Let a = a(t, x,v) € L([0, T] x R?"; Sym(n)) with

M€ < (a(t, x, v)E, €) for all (t,x,v) and € € R". Suppose

Ve >0:30 >0such that [t —s|+ [x —y —(t —s)v[+|v—w| <§
implies |a(t, x,v) — a(s,y,w)| < ¢

Ve >0: 36 >0such that [t —s|+ [x —y|+|v—w| <4

implies |a(t, x,v) — a(s,y, w)| < e.



Kolmogorov equation with variable coefficients

Theorem (Bramanti et al. 13, N. & Zacher 22)

Let a = a(t, x,v) € L([0, T] x R?"; Sym(n)) with

M€ < (a(t, x, v)E, €) for all (t,x,v) and € € R". Suppose

Ve > 0: 30 >0 such that [t —s|+ |x —y — (t—s)v|+|v—w| <
implies |a(t, x,v) — a(s,y,w)| < ¢

Ve > 0: 36 > 0 such that [t —s| + |x — y|+|v—w| <4

implies |a(t, x,v) — a(s,y, w)| < e.



Kolmogorov equation with variable coefficients

Theorem (Bramanti et al. 13, N. & Zacher 22)

OR

Let a = a(t, x,v) € L([0, T] x R?"; Sym(n)) with

Mf]z < (a(t,x,v)E, &) for all (t,x,v) and £ € R". Suppose

Ve >0:30 >0such that [t —s|+ [x —y —(t —s)v[+|v—w| <§
implies |a(t, x,v) — a(s,y,w)| < ¢

Ve >0: 36 >0such that [t —s|+ [x —y|+|v—w| <4

implies |a(t, x,v) — a(s,y, w)| < e.

Then the family of operators A(t) = a(t, x, v): V2: HZP — LP
admits kinetic maximal Li(L7,)-regularity.



Fractional Kolmogorov equation with variable density

otu+v-Vyu= _(_Av)ﬁ/2u_|_ f
u(0)=g

Recall

h) —
NG Ly p.v./ u(t,x,v+h)—u(t,x,v)

|h|”+ﬂ dh

n



Fractional Kolmogorov equation with variable density

otu+v-Vyu= _(_Av)5/2u_|_ f
u(0)=g

Recall

u(t,x, v+ h) — u(t,x, v)
—(=A,)*%u = cpp pov. /n NG a(t,x, v, h)dh




Fractional Kolmogorov equation with variable density

Oru+v-Veu=A(t)u+f
u(0) =g

Recall

u(t,x,v + h) — u(t, x, v)
A(t)u = .v./ a(t,x, v, h)dh
(t)u= pv. | GG ( )




Fractional Kolmogorov equation with variable density

Theorem (N. 22):

Let a = a(t, x, v, h) € L>(]0, T] x R3") symmetric in h
with0 <A <a<A ae€(0,1),a<ap<1
la(t, x, v, h) — a(s,y,w, h)]|

S < .
Pl x—y — (=P v —w[® ~




Fractional Kolmogorov equation with variable density

Theorem (N. 22):

Let a = a(t, x, v, h) € L>(]0, T] x R3") symmetric in h
with0 <A <a<A ae€(0,1),a<ap<1

la(t, x, v, h) — a(s,y,w, h)]|

< .
P T S i —y — (=[O + v —w]™
Then, the family of operators
u(t,x, v+ h) — u(t, x, v)
A(t)u—p.v./n ]h["+ﬁ a(t,x, v, h)dh

admits kinetic maximal L;(LP)-regularity for all p > 2, 1 € (1/p,1].

Same trace space as for —(—A,)%/2.



Application to quasilinear equations



Application to quasilinear equations

Think of X as ij(R”) and let D C X. Seek solutions in

Z(0,T)={u: u,0ru+v-Vyeue L((0,T); X)} NLL((0, T); D)

of
Oru+v-Vyu=A(u)u+ F(u)
u(0) = g

where

-8 € Xy

- A: X, — B(D,X)
S F: Xy, — X



Application to quasilinear equations

Theorem (N. & Zacher 22):

Assume that

—(A,F) € CL2 (X, B(D, X) x X)

loc

- A(g) admits kinetic maximal L (X)-regularity.
Then, there exists T = T(g) and € = ¢(g) > 0 such that

Oru~+v - Veu=A(u)u+ F(u)
u(0)=nh

. . . . X
admits a unique solution in Z(0, T) for all h € B.(g) .
Moreover, solutions depend continuously on the initial datum.



Boltzmann equation

Oru+ v - Veu= Q(u,u) + lo.t.,



Boltzmann equation

In Carleman coordinates
Oru+ v - Veu= Q(u,u) + lo.t.,

where

Q(u, u) = p.V./

u(t,x,v+ h) — u(t,x,v)
|h|n+2s

m(u)(t,x, v, h)dh

n



Boltzmann equation

In Carleman coordinates

Oru+ v - Veu= Q(u,u) + lo.t.,

where

u(t,x,v+h)—u(t,x,v
Q(u,u) =p.v. /n ( |h|n)+2s ( )m(u)(t,x, v, h)dh
with

m(u)(t,x,v,h) = / u(t,x, v+ w) |w| 2 dw
wlh

and s € (0,1), v > —n depend on physical assumptions.



Boltzmann equation

In Carleman coordinates

Oru+v-Vyu= Q(u,g)+ Lo.t.,

where

u(t,x,v+h)—u(t,x,v
Q. 5)=p. [ 4 |Mﬁﬂs( i) (e, vt
with

n@W%m@z/ g(t, %, v+ w) [w]T+2 L dw
wlh

and s € (0,1), v > —n depend on physical assumptions.



Boltzmann equation - linearised

Fix g and consider the linear equation

Oru~+v-Vyu=Au

where
u(t,x,v+h)—u(t,x,v
AU = p.v. /n ( ‘h|n)+25 ( )m(g)(t7X7 v, h)dh
with

m(g)(t,x, v, h)=/ g(t,x, v+ w) |w[" > dw.
wlh

Even if g is very nice the density m(g) is degenerate.



Boltzmann equation - linearised

Fix g and consider the linear equation

Oru~+v-Vyu=Au

where
u(t,x,v+h)—u(t,x,v
Au = p'V'/n ( ‘h|n)+25 ( )m(g)(t,X, v, h)dh
with

. / g(t, %, v+ w) w72+ dw.
wlh

Even if g is very nice the density m(g) is degenerate.

Earlier Theorem is too restrictive for the Boltzmann equation!



Vlasov-Poisson-Kolmogorov equation

8tu +v- VXU + E(U) o VVU = VAVU
u(0) =g

where

0 X—y
() = = [ I M)(e )y

with [M(u = Jgnu(t,x,v)dv, § = £1 and v > 0.



Vlasov-Poisson-Kolmogorov equation

Oru+v-Vyu+ E(u)-Vyu=vA,u
ul0)=g

Theorem (N. & Zacher):

Let p,q € (1,00), p € (1/p, 1] with p—1/p>2n/q, j > n
and k > n then for all initial values

20-1) o 2-l)
83 P,X o, k(Rz )mqu7 v, k(IR2 )

there exists T = T(g) and £ > 0 such that the VPK eq. admits
a unique solution

ue {u: u,Oru+ v - Vyu, Ayu € LE((0, T); sz(Rm’))}

L 573X .
for every initial value h € B-(g) "". Moreover, the solutions
depend continuously on the initial value.



Outlook

relax assumptions for the variable coefficients (local/nonlocal)

weak LP-solutions

boundary value problems

sum of the operators 9; + v - V, and A (non-commuting)
- Kinetic Fokker-Planck equation, i.e. A=A, +v-V,

- qualitative study of quasilinear problems such as

global existence and large time behavior
- LP-theory of the Boltzmann equation



Advertisement

De Giorgi-Nash-Moser meets kinetic equations

Harnack inequality for kinetic equations
- first proof (GIMV 18); quantitative (GM 22)
- trajectorial interpretation of Moser’s proof (elliptic/parabolic)
- trajectorial proof of a kinetic Poincaré inequality (used in GM 22)

@ L. N and R. Zacher. A trajectorial interpretation of Moser's proof of
the Harnack inequality. Preprint. arXiv:2212.07977 (2022).

[4 L. N and R. Zacher. On a kinetic Poincaré inequality and beyond.
Preprint. arXiv:2212.03199 (2022).
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