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Particle density u = u(t, x, v)
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Particle physics

Simple collision model
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Simple collision model
X(t) = [y V(s)ds + Xo
V(t)=W(t)+ W

(W(t))e>0 Wiener process

Particle density u = u(t, x, v)

Ootu+v-Vyu=~A,u
u(0) =g

Kolmogorov equation
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Kolmogorov equation

Here: x,v € R", t € [0, T], u = u(t, x, v) particle density

ou+v-Vyu=A,u+f
u(0) =g

and f = f(t, x, v) external force, g = g(x, v) initial datum.

Boltzmann/Landau equation
Vlasov-Poisson/Maxwell equation
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such that there exists a unique solution u € Z of the Kolmogorov
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Kinetic maximal [P-regularity

ou+v-Vyu=A,u+f
u(0) =g

Ansatz: f € X = LP((0, T); LP(R?")) with p € (1, 00).

What is the solution space Z7
What is the trace space X,7
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oiu+v -Vyu=A,u+1f
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Parabolic theory

The desired characterization fails even for g = 0.
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Kolmogorov equation

ou+v-Vyu=A,u+f
u(0) =g
Solution space

Z={u: u, Ou+ v Vyu, Ayue LP((0, T); LP(R?"))}.

This also sets X,.



Kolmogorov equation

Theorem (N. & Zacher, 2022)

Kinetic maximal LP-regularity of A,
ou+v-Vyu=A2Ayu+f
{U(O) =g
There exists a unique solution
veZ={w: w, 0w+ v-Vew, A,w € LP((0, T); LP(R?"))}
of the Kolmogorov equation if and only if
(i) f € X = LP((0, T); LP(R?"))

2011 2(1—1
(i) & € X, = Bian * (R2) 1 By * (B2).

Moreover, u € C([0, T]; X).
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Theorem (N. & Zacher, 2022)

Kinetic maximal LP-regularity of A,
ou+v-Vyu=A2Ayu+f
{U(O) =g

There exists a unique solution
veZ={w: w, 0w+ v-Vew, A,w € LP((0, T); LP(R?"))}
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Kinetic maximal LP-regularity

Definition
We say that A admits kinetic maximal LP-regularity if
Otu+v-Vyu=Au+f
{U(O) =g

there exists a unique solution

ueZ={w: w, 0w+ v-Vyew, Aw € LP((0, T); LP(R?"))}
of the Cauchy problem if and only if

(i) f € X = LP((0, T); LP(R?"))

(i) g € X,.
Moreover, u € C([0, T]; X).



Application

Short time existence for quasilinear kinetic PDEs

Oru+ v -Vyu=A(u)u+ F(u)
u(0) =g

if

- A(g) admits kinetic maximal LP-regularity,

- the nonlinearities A and F are locally Lipschitz.
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Boltzmann equation

In Carleman coordinates

Oru+ v - Veu= Q(u,u) + lo.t.,

where

u(t,x,v+h)—u(t,x,v
Q(u,u) =p.v. /n ( |h|n)+2s ( )m(u)(t,x, v, h)dh
with

m(u)(t,x,v,h) = / u(t,x, v+ w) |w| 2 dw
wlh

and s € (0,1), v > —n depend on physical assumptions.



Boltzmann equation

Oru+v-Vyu= Q(u. v)+ :

where

u(t,x,v+h)—u(t,x,v
Q(u ):p.V./n ( |h|n)+2s( )m (t,x,v, h)dh

with



Boltzmann equation - linearised

Consider the linear equation
Otu~+v-Vyu= Au

where

h) —
Au =p.v. /n ult, x, v —;_h|n)+25 ult,x, v) a(t,x, v, h)dh

with
0<A<a(t,x,v,h) <A

and a(t, x, v, h) satisfies a continuity property.



Fractional Kolmogorov equation

Theorem (N., 2022):

The operator

h) —
AU = p.V. /n U(t’X’ i —||_h|n)+25 U(t’ al V) a(t7X’ v, h)dh

for suitable a = a(t, x, v, h) admits kinetic maximal LP-regularity.
The trace space can be characterized by
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Theorem (N., 2022):

The operator

h) —
AU = p.V. /n U(t’X’ i —||_h|n)+25 U(t’ al V) a(t7X’ v, h)dh

for suitable a = a(t, x, v, h) admits kinetic maximal LP-regularity.
The trace space can be characterized by

2 (1-1 2s(1-1
X, = BRI T e 0 B TP (R,

Too restrictive for the Boltzmann equation!
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