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Particle physics
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Free transport{
X (t) = tV0 + X0

V (t) = V0



Particle physics
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Free transport{
Xi (t) = tV0,i + X0,i

Vi (t) = V0,i

i = 1, . . . , 1023



Particle physics

x

Free transport PDE{
∂tu + v · ∇xu = 0

u(0) = g

where u = u(t, x , v) particle density
and g(x , v) initial distribution.



Kolmogorov equation

x

Here: x , v ∈ Rn, t ∈ [0,T ], u = u(t, x , v) particle density{
∂tu + v · ∇xu = ∆vu + f

u(0) = g

and f = f (t, x , v) source, g = g(x , v) initial datum.
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Kolmogorov equation

x

Here: x , v ∈ Rn, t ∈ [0,T ], u = u(t, x , v) particle density{
∂tu + v · ∇xu = ∆vu + f

u(0) = g

and f = f (t, x , v) source, g = g(x , v) initial datum.

Hypoelliptic

Vlasov-Poisson/Maxwell equation

Boltzmann/Landau equation
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Kinetic maximal Lp-regularity

Theorem (N. & Zacher 22)

For the Kolmogorov equation{
∂tu + v · ∇xu = ∆vu + f

u(0) = g

there exists a unique solution

u ∈ {w : w , ∂tw + v · ∇xw , ∆vw ∈ Lp((0,T ); Lp(R2n))}

if and only if

(i) f ∈ Lp((0,T ); Lp(R2n))

(ii) g ∈ Xγ = B
2
3
(1− 1

p
)

pp,x (R2n) ∩ B
2(1− 1

p
)

pp,v (R2n).

Moreover, u ∈ C ([0,T ];Xγ).
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β/2 and consider a variable density
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De Giorgi-Nash-Moser theory

Goal: a priori estimates for weak solutions to

−∇ · (A∇u) = 0 elliptic

∂tu = ∇ · (A∇u) parabolic

where A = A(x),A(t, x) is measurable and

λ |ξ|2 ≤ ⟨Aξ, ξ⟩ ≤ Λ |ξ|2

for 0 < λ < Λ.

Lp–L∞ estimates, Harnack inequality, Hölder estimates



De Giorgi-Nash-Moser theory

Goal: a priori estimates for weak solutions to

−∇ · (A∇u) = 0 elliptic

∂tu = ∇ · (A∇u) parabolic

∂tu + v · ∇xu = ∇v · (A∇vu) kinetic

where A = A(x),A(t, x),A(t, x , v) is measurable and

λ |ξ|2 ≤ ⟨Aξ, ξ⟩ ≤ Λ |ξ|2

for 0 < λ < Λ.

Lp–L∞ estimates, Harnack inequality, Hölder estimates



Moser meets parabolic trajectories

t
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(t, x)
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K− K+
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Bδ B1

γ(r) = (t + r 2(η − t), x + r(y − x))



Kinetic Poincaré inequality

Theorem (Guerand & Mouhot 22, N. & Zacher 22):

(1) ∂tu + v · ∇x = ∇v · (A∇vu)

Let u ≥ 0 be a subsolution to (1) in Q̃. Then∥∥∥∥(u − ⟨uφ2⟩Q−
1

)
+

∥∥∥∥
L1(Q1)

≤ C ∥∇vu∥L1(Q̃).

with φ2 supported in Q−
1 .

t

(x , v)

Q1Q−
1

Q̃

−2−3 −1 0
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• kinetic trajectories, kinetic Poincaré inequality, higher order
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