Kinetic maximal LP-regularity and more

Lukas Niebel
Applied Mathematics - University Miinster

Wilhelm Killing Colloquium - 13th April 2023



Ulmer Munster


https://commons.wikimedia.org/wiki/File:Ulm,_M\unhbox \voidb@x \bgroup \let \unhbox \voidb@x \setbox \@tempboxa \hbox {u\global \mathchardef \accent@spacefactor \spacefactor }\let \begingroup \let \typeout \protect \begingroup \def \MessageBreak {
(Font)              }\let \protect \immediate\write \m@ne {LaTeX Font Info:     on input line 77.}\endgroup \endgroup \relax \let \ignorespaces \relax \accent 127 u\egroup \spacefactor \accent@spacefactor nster-001darker.jpg

Uhmer Munster


https://commons.wikimedia.org/wiki/File:Lamberti-Muenster_Ausschnitt.jpg

Kinetic maximal LP-regularity and more



Kinetic maximal LP-regularity and more



Particle physics



Particle physics

Free transport

X(t) =tVo + Xo
V(t) =V



Particle physics

Free transport

\ X,'(t) = tVo7,' + XoJ
Vi(t) = Vo,i



Particle physics

Free transport PDE
Oru+v-Vyu=20
u(0) =g

where u = u(t, x, v) particle density
and g(x, v) initial distribution.



Kolmogorov equation

Here: x,v € R", t € [0, T], u = u(t, x, v) particle density

ou+v-Vyu=A,u+f
u(0) =g

and f = f(t,x, v) source, g = g(x, v) initial datum.
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Hypoelliptic



Kolmogorov equation

Here: x,v € R", t € [0, T], u = u(t, x, v) particle density

ou+v-Vyu=A,u+f
u(0) =g

and f = f(t,x, v) source, g = g(x, v) initial datum.
Hypoelliptic

Boltzmann/Landau equation
Vlasov-Poisson/Maxwell equation
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Kinetic maximal LP-regularity

Theorem (N. & Zacher 22)

For the Kolmogorov equation
{atu—i- v-Vyu=A,u+f
u(0) =
there exists a unique solution
ue{w : w, dw+v-Vyew, Ayw € LP((0, T); LP(R?"))}
if and only if
(i) f € LP((0, T); LP(R?"))

1
(i) & € X, = BLs » (R2") 1 BL *) (R2").

Moreover, u € C([0, T]; X).
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e replace A, with —(—A,)?/2 and consider a variable density
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De Giorgi-Nash-Moser theory

Goal: a priori estimates for weak solutions to
—V - (AVu) =0 elliptic
Oru =V - (AVu) parabolic

where A = A(x), A(t, x) is measurable and

AEP < (Ag,€) < A€
for 0 < X\ < A.



De Giorgi-Nash-Moser theory

Goal: a priori estimates for weak solutions to
—V - (AVu) =0 elliptic
Oiu =V - (AVu) parabolic
ou+v-Vyu=V, - (AV,u) kinetic

where A = A(x), A(t, x), A(t, x, v) is measurable and

AP < (Ag,€) < A€
for 0 < X\ < A.



Moser meets parabolic trajectories
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Kinetic Poincaré inequality

Theorem (Guerand & Mouhot 22, N. & Zacher 22):

Let u > 0 be a subsolution to (1) in Q. Then
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